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Abstract

In this paper we stabilize the parabolic equilibrium profile in a 2D channel flow using ac-
tuators and sensors only at the wall. The control of channel flow was previously considered by
Speyer and coworkers, and Bewley and coworkers, who derived feedback laws based on lin-
ear optimal control, and implemented by wall-normal actuation. With an objective to achieve
global Lyapunov stabilization, we arrive at a feedback law using tangential actuation (using
teamed pairs of synthetic jets or rotating disks) and only local measurements of wall shear
stress, allowing to embed the feedback in MEMS hardware, without need for wiring. This
feedback is shown to guarantee global stability in at least H2 norm, which by Sobolev’s em-
bedding theorem implies continuity in space and time of both the flow field and the control (as
well as their convergence to the desired steady state). The theoretical results are limited to low
values of Reynolds number, however, we present simulations that demonstrate the effectiveness
of the proposed feedback for values five order of magnitude higher.

Key words. 2D channel flow, Navier—Stokes equations, tangential velocity actuation, boundary
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1 Introduction

In this article we address the problem of boundary control of a viscous incompressible fluid flow in
a 2D channel. Great advances have been made on this topic by Speyer and coworkers [14, 38, 39],
Bewley and coworkers [4, 5, 7], and others employing optimal control techniques in the CFD
setting. Equally impressive progress was made on the topic of controllability of Navier—Stokes
equations , which is, in a sense, a prerequisite to all other problems.

Our objective in this paper is to globally stabilize the parabolic equilibrium profile in chan-
nel flow. This objective is different than the efforts on optimal control [2, 3, 16, 18, 19, 20, 21,
26, 30, 31, 33, 34, 36, 60] or controllability [10, 11, 13, 17, 22, 23, 24, 25, 27, 28, 29, 35] of
Navier—Stokes equations. Optimal control of nonlinear equations such as Navier—Stokes is not
solvable in closed form, forcing the designer to either linearize or use computationally expensive
finite—horizon model—predictive methods. Controllability—based solutions, while a prerequisite to
all other problems, are not robust to changes in the initial data and model inaccuracies. The sta-
bilization objective indirectly addresses the problems of turbulence and drag reduction, which are
explicit in optimal control or controllability studies. Coron’s [12] result on stabilization of Euler’s
equations is the first result that directly addresses flow stabilization. Concerning other nonlinear
PDEs with convective nonlinearities, examples of stabilization and controllability studies can be
found in [45, 54, 55] for the 1D Korteweg—de Vries equation.

The boundary feedback control we derive in this paper is fundamentally different from those in
[14, 38, 39, 4, 5, 7], which use wall normal blowing and suction. Our analysis motivated by Lya-
punov stabilization results in tangential velocity actuation. Tangential actuation is technologically
feasible. The work on synthetic jets of Glezer [59] shows that a teamed up pair of synthetic jets
can achieve an angle of 85° from the normal direction with the same momentum as wall normal
actuation. The patent of Keefe [43] provides the means for generating tangential velocity actuation
using arrays of rotating disks.

An implementational advantage in our result is that, while it uses only the measurement of wall
shear stress as in the previous efforts, it employs it in a decentralized fashion. This means that the
feedback law can be embedded into the MEMS hardware (without need for wiring).

The most notable contribution of this paper is in the form of stability it achieves. Previous stud-
ies of the stability problem for uncontrolled Navier—Stokes equations were in the case of homo-
geneous Dirichlet boundary conditions [53, 61], periodic boundary conditions [62] or the domain
being the whole space [32, 40, 41, 42, 46, 52, 58, 63, 64, 65]. In the case of bounded domains,
these stability results were estimated in terms of L? or L? norm and it is rare to see H' stability,
especially H? stability. We obtain global H? stability (i.e., for arbitrarily large H? initial data)
which, in turn, ensures the continuity of the flow field.

The only limitation in our result is that it is guaranteed only for sufficiently low values of the
Reynolds number. In simulations we demonstrate that the control law has a stabilizing effect far
beyond the value required in the theorem (five or more orders of magnitude).

Our feedback is not limited to 2D channel flows. It applies equally well to 3D for L? stabiliza-
tion. However, higher forms of global stability are impossible to prove due to the same technical
obstacles that prevent proving uniqueness of solutions in 3D Navier—Stokes equations. Numerical
evaluation of this feedback in 3D channel flow is nontrivial and is a topic of future research.

The paper is organized as follows. We formulate our problem in Section 2 and design boundary
feedback laws in Section 3. In order to state our main results, we first present some mathematical



preliminaries in Section 4 and then state the results in Section 5. In order to prove the results, we
need technical lemmas which are presented in Section 6. With these technical lemmas at hand, we
prove our results in Section 7 by employing Lyapunov techniques and Galerkin’s methods. Finally,
in Section 8, we give numerical demonstrations that strengthen our theoretical results.

2 Problem Statement

The channel flow can be described by the 2D Navier—Stokes equations

{Wt—yAW+(W-V)W+VP:O, O<z<1l,0<y<l t>0,

divw =0, O0<z<1,0<y<l t>0, @1

where W = W (z,y,t) = (U(x,y,t),V(x,y,t))" represents the velocity vector of a particle at
(x,y) and at time ¢, P = P(z,y,t) is the pressure at (z,y) and at time ¢, v > 0 is the kinematic
viscosity and the positive constant [ represents the width of the channel. Our goal is to regulate the
flow to the parabolic equilibrium profile (see Figure 2.1)

— a

Uly) = Ey(l—y), (2.2)
V =0, (2.3)

P(z) = —az+b, (2.4)

where a = P (0) — P (1) > 0 and b = P (0) > 0 are constants. This profile is obtained as a fixed
point of system (2.1).

Yy, v

1
Figure 2.1: 2D channel flow
To motivative our problem, let us consider the vorticity
w(x,y,t) =U, (x,y,t) — Vy (z,9y,t) . (2.5)
With (2.2) and (2.3), we get the equilibrium vorticity as
B =T -V =2 (-2). 2.6)



Suppose the vorticity at the walls is kept at its equilibrium values
w(z,0,t) =w(0), w(zlt)=w(), 2.7)
and the wall-normal component of the velocity at the walls is zero:
V(z,0,t)=0, V(x,lt)=0. (2.8)

The objective of these no—feedback boundary conditions might be the reduction of near—wall vor-
ticity fluctuations. These boundary conditions imply

[
U, (2,0,t) = w(x,0,t)+V,(z,0,t) = ;—V (2.9)
l
U, (2,1,t) = w(@l,t)+V,(z,t)= —2“—. (2.10)
14
Under the boundary conditions (2.8)—(2.10), the Stokes equations
VAW + (W - V)W +VP = 0, (2.11)
divwW = 0 (2.12)
has a solution
U = Uly) +c, (2.13)
vV =V, (2.14)
P = P(x), (2.15)

with an arbitrary constant C'. This shows that under the boundary control (2.8)—(2.10) our objective
of regulation to the equilibrium solution (2.2)—(2.3) can not be achieved. In more precise words,
this solution is not asymptotically stable, and it can at best be marginally stable (with an eigenvalue
at zero). To achieve asymptotic stabilization, in the next section we propose a feedback law which
modifies the boundary condition (2.7).

3 Boundary Feedback Laws

In order to prepare for regulating the flow to the parabolic equilibrium profile (2.2)—(2.3), we set

v = U-U, (3.1)
=V, (3.2)
p = P—P. (3.3)

Then equation (2.1) becomes

ut—yAu—l—uux—i—vuy%—Uum—i—U/U—l—px:O, O<az<l,0<y<l, t>0,
vt—yAv—l—uvw—irvvy—irva—irpy:O, O<zr<l,0<y<l,t>0,
u, +v, =0, 0<o<1,0<y<l,t>0,

u(z,y,0) =up, v(r,y,0) =19, O0<zx<1,0<y<I,

34)
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To avoid dealing with an infinitely long channel, we assume that u, v, v, and p are periodic in the
x—direction, i.e.,
u(0,y,t) =u(l,y,t),v(0,y,t) =v(Ly,t), O0<y<l, t>0, (3.5)
v (0,y,t) = v, (L,y,t), p(0,y,t) =p(Ly,t), O<y<l t>0. (3.6)
Our boundary control is applied via boundary conditions

u(x,0,t) = ku, (,0,t), 0<zx<1,t>0,
u(z,l,t) = —kuy, (x,01,t), 0<xz<1,t>0,

v (z,0,t) =0, O0<z<1,t>0, 3.7
v(x,l,t) =0, 0<zx<1,t>0,
where £ is a positive constant. The physical implementation of this boundary condition is
l
Ul(z,0,t) = k [Uy (2,0,t) — ;—V} : (3.8)
al
Ulx,l,t) = —k {Uy (x,1,t) + 5] , (3.9)
V(z,0,t) = 0, (3.10)
Vi(zx,l,t) = 0. (3.11)

This means that we are actuating the flow velocity at the wall tangentially. Only the sensing of the
wall shear stress U, (x,0,t) and U, (z,[,t) (at the respective points of actuation) is needed. The

action of this feedback is pictorially represented in Figure 3.1. The condition (3.8) and (3.9) can be
also written as

“ope 771,
“ope 771,

—
slope Uy (7, 9) <U(0).

U(z,y)

'

wall —4
U(z,0) <0 U(z,0) >0

Figure 3.1: Tangential velocity actuation

U(z,0,t) = klw(z,0,t)—w(0)] (3.12)
U, ,t) = —klw(zl,t)—z(0)]. (3.13)

In the next sections we shall see that this control law achieves global asymptotic stabilization,
whereas, as we saw in Section 2, the control law (2.7) is not asymptotically stabilizing.
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4 Mathematical Preliminaries

Let Q = (0,1) x (0,7). In what follows, H* (€2) denotes the usual Sobolev space (see [1, 49]) for
any s € R. For s > 0, H{ (2) denotes the completion of C§°(2) in H® (€2), where C§° (€2) denotes
the space of all infinitely differentiable functions on €2 with compact support in {2. We denote by
Hs () the space of the restrictions to € of functions which are in H} _ (R?), i.e., u|p € H* (Q2) for
every open bounded set O, and which are periodic in the z—direction:

u(z,y) = u(x + 1,y). 4.1

The tilde sign will refer to this periodicity in the case of other classical function spaces too.
We shall often be concerned with 2—dimensional vector function spaces and use the following
notation to denote them:

L2 (Q)} , 4.2)
i (Q)}2 , 4.3)

e C®(Q) 1 p(x,) €C((0,1) Vel 1]} , (4.5)

{
{
w - (o). 44
{
{

(u,v)eﬁlzux—i—vy:()in Q,v(x,O):v(x,l):O}, (4.6)
H = the closure of V in L2. 4.7

The various norms of these spaces are respectively defined by

Iwllge = (w,w)"?, (4.8)
Iwlge = (Iwl2, + IVull2, + [[Voll2,)"?, 4.9)
IWlge = (W2 + IVaalZ, + [V 2, + o2, + 1199, 12)%,  @.10)
Iwlly = ((w,w)""*, (4.11)

where (-, ) denotes the inner product of L? and ((-, -)) denotes the inner product of V defined by

1
0

(w,®)) = /0 /o Tr{Vw'Ve} drdy + %/ (u(z,0)& (x,0) +u(z, )€ (z,1) doe, (4.12)

forall w = (u,v), ® = (£,) € V.
Let X be a Banach space. We denote by C'([0, T]; X) the space of [ times continuously differ-
entiable functions defined on [0, 7] with values in X, and write C([0, T]; X) for C°([0, T; X).

Definition 4.1. A function w = (u,v) € L%(0,T]; V) is a weak solution of system (3.4)—(3.7) if

% (W, ®)+v((w,®)+ (w-V)w,®) + (Uw,, P) + (U/v, §) =0 (4.13)

is satisfied for all ® = (€,1) € V and w(z,y,0) = wo(z,y) for all (z,y) € Q.



5 The Results

Theorem 5.1. Suppose that'

al3
v > e and 0 <k <1l/2, (5.1

and denote
v al

v
Then there exists a positive constant ¢ > 0 independent of w( such that the following statements
are true for all t > 0 for the system (3.4) with periodic conditions (3.5)—(3.6) and boundary control
(3.7).

1. For arbitrary initial data wo(x) € H, there exists a unique weak solution w €
L? ([O, 0); {7> nc ([O, o0); E2> that satisfies the following global-exponential stability
estimate:

Iw (@)l < [lwoll e™". (5.3)

2. For arbitrary initial data wo(x) € V, there exists a unique weak solution w €
L? <[O, 00); H2 N \7) N L ([07 00); \7) that satisfies the following global-asymptotic and
semiglobal—exponential stability estimate:

lw (1) 1 < ellwollz exp(elwollgg, )e ™. (5.4)

3. For arbitrary initial data wq(z) € H2NV compatible with the control (3.7), there exists a
unique weak solutionw € C'! ([0, 0); iz) nC ([0, 00); H2 N \7) that satisfies the following
global-asymptotic and semiglobal—exponential stability estimate:

Iw (t) llg2 < ellwoll gz exp(c]wollg. Je /2. (5.5)

The bound of the form (5.5) also applies to ||w; (t)||, ||Vp(t)|| and max |w(x,y,t)|.
z,y) €N
In all of the above cases solutions depend continuously on the initial data in the L?>~norm and the
existence, uniqueness and regularity statements hold for any v > 0 and k > 0 over finite time
intervals.

Remark 5.1. Weak solutions satisfying the regularity stated in parts 2 and 3 of Theorem 5.1 are
called strong solutions in the literature. Part 3 of Theorem 5.1 means, in particular, that

1. The control inputs u(z, 0,¢) and u(z, [, t) are bounded and go to zero as ¢t — oc.

2. The regularity statement implies that w(z, y, t) is continuous in all three arguments. This ob-
servation has an important practical consequence: the tangential velocity actuation at nearby
points on the wall will be in the same direction.

Remark 5.2. If the viscosity v < w%, the problem of boundary control remains open. The

methods presented in this paper can not be applied to this case and a radically different method
needs to be developed.

'Note that this condition is equivalent to the requirement that the Reynolds number be smaller than 1/8.
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6 Technical Lemmas

In this section, we establish technical lemmas which are the key to proving our main results.
Since H is a closed subspace of L2, we have the orthogonal decomposition

L?=HeoH', 6.1)

where H* denotes the orthogonal complement of H. Let P denote the projection from L2 onto H.
We define the linear operator A on H as

w=—-PAw, (6.2)

with the domain D (A)
D(A) = {w = (u,v) e H NV : u(z,0) = kuy, (z,0) , u(x,l) = —ku, (x,l)} : (6.3)

We first give some basic properties of the subspaces H, H* and the operator A. These properties
are similar to the classical results in the cases with homogeneous Dirichlet boundary condition (see,
e.g., [61, Chap.I, Sect.1], [9, Chap.4]) and periodic boundary condition (see, e.g., [62, Chap.2]).
Thus, their proofs are also similar, however, for completeness, we give brief proofs. The following
lemma shows that (6.1) is in fact the so called Helmholtz decomposition of LZ.

Lemma 6.1. The subspaces H and H* can be characterized as Sfollows:

- — {weEQ;w:vp,pei{ﬂ(Q)}, (6.4)

H = {W:(U,U)Giz2diVWZU,U(QZ,O):U(aZ,Z):O}. (6.5)

Proof. The proof of (6.5) is the same as the proof of Theorem 1.4 in [61, p.15]. We include the
proof of (6.4) which is based on the proof of Theorem 1 in [47, p.27]. B

Let w = (u, v) belong to the space on the right hand side of (6.4). Then forallz = (¢),£) € V
we have, using integration by parts,

Il Il
/ / (uwh + v€) dedy = / / (P2 + py€) dady = 0. (6.6)
0 Jo 0 Jo

Since V is dense in ﬁ, we deduce that w € H*.
Conversely, if w = (u,v) € H', then

1ol
/ / (uwp +0€) dedy =0, Vz = (¢,§) € V. (6.7)
0 Jo
Let w, (z,y) denote a mollifier. For ¢ € V, we denote by ¢, its average:

o, (z,y) = / wy(z—s,y—7)p(x,T) dsdr. (6.8)
R2



If p is small enough, then ¢, is well-defined on €2, = [0, 1] x [p,l — p], it is periodic in the z—
direction and vanishes with its derivatives on the horizontal lines y = p and y = [ — p. Hence

z = (Ypy, —Ppz) € V. (6.9)

Thus, we have

I 1 Il I el
0= / / (uppy — V) dardy = / / (Uppy — Vppy) dxdy = / / (Vpw — Upy) dady,
o Jo 0o Jo 0o Jo

(6.10)
where the functions u, and v, are defined on €2, and are the averages of u and v respectively. Since

Y e Vis arbitrary and V is dense in L2 (€2,), we have

Vpz = Upy on €),. (6.11)
Take any yo € [p,l — p] and define
(z,y)
P (x,y) = / u,dr +v,dy. (6.12)
(OvyO)
Then we have
w, = (u,,v,) = Vp, on ,. (6.13)

It is well known that for any fixed interior subdomain 2’ of 2, w, converges to w in L2 (Q) and
then p, converges to a function p in H* (€') and

w=Vp on . (6.14)

Since (Y is arbitrary, we have
w=Vp on (. (6.15)

Finally, we show that p is periodic in the z—direction. Let z (z,y) = (¢ (y),0), where ¢ €
Cg° ([0,1]). Clearly z € V, and

Il (S
0= / / w, - zdxdy = / / u, (x,y) ¢ (y) dedy . (6.16)
0 Jo 0 Jo

Since 1) is from a dense subset of L2, we obtain

1
/ u, (z,y) de =0 for (6.17)
0

With this and with definition (6.12) we obtain that p,, and hence p is periodic in the z—direction.
|

Lemma 6.2. The norm ||w||5; on V is equivalent to the norm |W||¢: induced by H'.



Proof. Using the identity

w () = u (,0) + / "y (@) dy, (6.18)
0

1ol 1 S
/ / u? dedy < 2[/ u? (z,0) dv + l2/ / ui dxdy . (6.19)
0o Jo 0 o Jo
] 2 oot
/ / vidady < 5/ / vi dxdy . (6.20)
0o Jo 0o Jo
It therefore follows that

S 1 It
/ / (v +v*) dedy < 21/ u? (x,0) dv + 12/ / (up 4+ v7) dady (6.21)
0 Jo 0 0 Jo

which shows that

we have

Similarly, we have

[wWllg <cllwlly - (6.22)

On the other hand, using (6.18) again, we deduce that

1 /S|
/ u? (7,0) do < c/ / (v + uz) dxdy . (6.23)
0 0o Jo
Similarly, we have

1 Il
/o u? (x,1) dor < C/o /0 (u2 —|—u§) dzdy . (6.24)

It therefore follows that
Iwlly < cllwllg: - (6.25)

Lemma 6.3. The norm || Aw|| on D (A) is equivalent to the norm ||W || g induced by H2
Proof. By the definition of the operator A, we have
(Aw®) = (w®)), Vw=(u,v)eD(A), ®=(n) eV. (6.26)

As in the proof of regularity of solutions of the Stokes equations with homogeneous Dirichlet
boundary conditions (see, e.g., [9, Chap.3]), we can readily prove that

zxm:{weﬁ:Aweﬁ}. (6.27)

Hence, by Proposition 9 of [15, p.370], D (A) is a Banach space when provided with the graph

norm /2
2 2

IWllpeay = (W™ + [ Aw]) "
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In addition, D (A) with the norm || - || is also a Banach space, and the norm || - || is stronger
than |[-[| p4)- By the Banach open mapping theorem (see, e.g., [57, p.49]), these two norms ||w|| .
and [|w| 4, on D (A) are equivalent. On the other hand, by (6.21), we have

[wil < cl[Aw] . (6.28)

Hence, the norm || Aw || is equivalent to the norm ||w|| , ), and then equivalent to the norm induced
by H2.
[

The following inequality is a special 2—dimensional extension of a classical inequality (see, e.g.
[48])
el <81Vl el (6.29)
which holds for any p € W (Q),m > 2,7 > 1, where Q C R, r < g < o0,

(1 1)(1 1 1)‘1
a=(-—-]|z—=+-
r o q 2 m r

8= max{g; 1+ (m— 1)mr} :
Here W denotes the subspace of L™ (2) functions whose gradient is also in L™ () and in which

the set C5° (2) is dense.

and

Lemma 6.4. For any rectangular region Q2 = [0,1] x [0,k] C R?, where k,l > 0, and for any
p € H' () and 2 < q < oo the following inequality holds:

el o < llell + 72 IVl el ™, (6.30)
where o« = 1 — 2/q and 1, 7y, are positive constants depending only on the size of Q) and on q.

Proof. Consider an arbitrary ¢ € H' () and its extension

(¢ (z,y) if (z,y) €[0,1] x[0,k]
(1+%)o(—z,y) if (z,y) € [~1,0] x [0,K] ,
2-2) (2 —=,y) if (2,y) € [1,21] x [0,K]
(1+ %) ¢ (z,—y) if (z,y) €[0,1] x [~k,0],

Plry) =< 2-YHp(z,2k—y) if (x,y) €[0,1] x [k,2k] , (6.31)

(1+5 (14+2) (-2, —y) if (z,y) € [-1,0] x [k, 0] ,
(1+%) (2-%) p(—z,2k—y) if (z,y) € [—1,0] x [k, 2k] ,
(2-2) (14 %) ¢ (2 —z,—y) if (2,y) € [1,21] x [~k,0] ,

L 2-82-Ye@—=z2k-y) if (z,y)€[0,]] x [k, 2k],



Inequality (6.29) applies to @ witha = 1 —2/gand r = 2 < ¢ < oo, since p € H* <§> and
& (z,y) = 0 for (z,y) € O, where Q = [—1,2I] x [—k, 2k]. We have

171103y < BIVI5aa 11537 - (632)
We have the following relationships between the norms of ¢ and (.
el page) < H95|‘Lq(ﬁ)> (6.33)
1812y < 9 llell’ (6.34)
and
VBl < 171V +6 (5 + 5 ) Dol (639)

Inequality (6.33) and (6.34) are trivial consequences of definition (6.31). In order to see the validity
of (6.35) one has to estimate the different pieces of V. One of these estimates, for example is the
following:

/21/2k 2__ (2_%>¢(2l—x,2k—y))
/21/ G (2-2)e@-z2k—y+(2-7) (2-7)pa (2l — 2,2k~ y)>2dwdy
S A

2
Bl 2lonl + 25 el + 20l = (5 + 3 ) Il + 209l (636

2

dxdy =

Combining inequalities (6.32)—(6.35) we obtain

2 2 LI
lelley < 8 (171961 +6 (5 + 5 ) Il?) 9% ol

N W (12 12\ o\ i
< /3(172 1vel” + (7 +32) el )92 el

= vl + Vel el . (6.37)

7 Proof of Theorem

We first establish our a priori stability estimates and then deal with questions of existence, unique-
ness and regularity.
Let w = (u, v). We define the energy F (w) of (3.4)—(3.7) as

E (w) = [w]? // W 4 0%) dedy, 1)



and the high order energy J (w) of (3.4)—(3.7) as

l 1 1
1
J(w) = HWH%Z/O/O (u2 +ul + v2 4 v2) dxderE/o (u? (x,0) +u? (z,1)) dv. (1.2)

Part 1.
Multiplying the first equation of (3.4) by v and the second equation of (3.4) by v and integrating
over ) by parts, we obtain

E(w) = —21/// u? +u + 02 —I—U dxdy—Z// U'uv dady
2
—/ |x:0 dy — / U U‘y:O d:v—/ Uu ‘ _0
0 0 0
! 1 ! 3! == 9211
—/ uvﬂzzo dy—/ v |y:0 dx—/ Uv ‘x:O dy
0 0 0
! 1 I
—2/ pu|i:0 dy—/ pv|ly:0 d:L‘—I—ZV/ uxu|i:0 dy
0 0 0
1 I 1
+2u/ uyu|l dx+21// v dy—|—2/ vyv|l dx
= —ZV// u? +u + 2 —|—v dxdy—Z// qudxdy
+2V/ uyu|y:O dx . (7.3)
0

Here we have used the relations

u, (0,y,t) =uy (1,y,t), uy,(0,y,t) =u, (L,y,t), and v,(0,y,t) =v,(1,y,t), (74)

which follow from the periodic conditions (3.5)—(3.6) and the divergence free condition. It therefore
follows from (6.21) that

1
E(w) < —gE(W)+4—V/ u? (7,0,1) dx—i—l—aE(W)
2 lJo 2v
v [t 9
- (v (z,1,t) + u* (2,0,1)) da
0
2v la
—pEW)+ o E(w)
! 1 2 2v
o 2 -z 2 =02
/0 (V(k l)u (x,0,t) + U (as,l,t)) dx
2v al
< (=2 . :
< -(%-2)em )

This implies (5.3).
Part 2.
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By (6.21) and (7.3), we have

. l
E(w) < —21/// ul +ul + v’ +v)dxdy+;E( w)

- ((x,l,t)+u(x0t))d

)// u+u+v+v)dxdy
L2 12 2v
—/0 ((%—%) u? (:L’,O,t)-i-?uQ (x,l,t)) dx

< —cJ(w),

AN
/\
[\

N
|

‘ Q
=

where, by (5.1)
3

a
=2v——>0.
c V=3

Multiplying (7.6) by ", we obtain

% (e”E (w)) +ce”J (w) < 0e” E (w) < oE (wo)e .

Integrating from 0 to ¢ gives

¢’ B (w (1) + c/o e J (W (s)) ds < E(wo) (2—¢™")

which implies

t
c/ e’ J (w(s)) ds < 2F (wy), vVt >0.
0

(7.6)

(7.7)

(7.8)

(7.9)

(7.10)

In order to obtain further estimates on .J, we multiply the first equation of (3.4) by Au and the

second equation of (3.4) by Av and integrate over €2 by parts. This gives

Il Il
/ / (ugAu + v Av) dzdy = V/ / (AuAu + AvAv) dxdy
o Jo o Jo

11
_ / / (uux + vuy + Uu, + Uv+ px> Au dxdy
0o Jo

I 1
- / / (uvm + vv, + Uv, + py) Avdxdy .
0o Jo

Since there exists z € H' such that

Aw = PAw + z,

14

(7.11)

(7.12)



1 pl
we have (noting that / / w; - zdxdy = 0)
0o Jo

S S
/ / (ugAu + v, Av) dedy = / / (ugAu + v Av — wy - z) dady
o Jo ol 0 1 1 |
— /0 (wuy + vevg)| g dy + /0 (weuy + vevy)|,_, dx

l 1
- /(; /(; (uxtufb + UytUy + VUV + Uthy) dl’dy

= W), (7.13)

and (noting that fol fol Aw - zdxdy =0)

Il I
/ / (AuAu + AvAv) dedy = / / |Aw||* dady . (7.14)
0 Jo 0 Jo

Moreover, since Aw € H and Vp € ITIL, we have

Il
/ / Vp- - Awdxdy =0. (7.15)
0o Jo
It therefore follows that
1l
J(w) = —2w|Aw|*+ 2/ / ((uuy + vuy) Au + (uv, + vu,) Av) dzdy
0o Jo
Lol . o
—1—2/ / ((Uuw +U v) Au + UUIAU> dxdy . (7.16)
0o Jo

By Lemma 6.4, Young’s inequality and Lemma 6.3, we deduce that (the following ¢’s denoting
various positive constants that may vary from line to line and € being a positive constant that will
be chosen small enough later)

l 1
| [ weAudedy < ful o ol ul
0 0

< e (Ivull > + lul) (Ve + ) 11 Au]
< cay (B, J)+¢e|Aw]?, (7.17)
where
a1 (B, J) = E(w)J(w)+ E*(w)J (w) + J¥*(w) EY?(w) + J* (W) E(w) . (7.18)

In the same way, we can estimate other integrals and obtain
1ol
/ / ((wy + vuy) Au + (uv, +vv,) Av) dedy < coy (E,J) + € || Aw||* . (7.19)
0o Jo

15



Further we have
l 1
/ / ((Uu +U/v> Au +UUIAU) drdy < ¢ (£) (J (W) + E(w)) +<||[Aw|®.  (7.20)
0 0

Taking £ small enough, we deduce that.
J(w) <c(B(w)+J(wW)+a (B, J) —v|Aw|?. (7.21)
Hence, using (7.10) and applying Lemma 4.1 of [51] with
g=c(EJ+JVEYY),  h=c(J+E+FEJ+E*), y=1J, (7.22)
and

01 =C (E (W()) + E2 (W())) s 02 =C (E (WU) + E2 (Wo) + E3 (Wo)) N Cg =ck (Wo) s
(7.23)
we deduce that
J(w(t) < Bi(wo)e™,  Vt>0, (7.24)

where
B (wo) = ¢ (E (wo) + E® (wo) + E® (wo) + J (wo) exp (¢ (E (wo) + E* (wo)))) . (7.25)
Since 7/ < ce™, e < ee” forT > 0andi =0,1,2,3 and E (w,) < c[lwoll%,, we have

Br (wo) < ¢l|woll% exp (cllwollg,) - (7.26)

Hence, by Lemma 6.2 and (7.24), we deduce (5.4).

Part 3.

We differentiate the first equation of (3.4) with respect to ¢ and multiply it by u, and integrate
over (). This gives

Il Il Il
/ / ugty dedy = V/ / wg Auy dedy — / / (Wt + Uty + vy + Vi) dedy
0o Jo 0o Jo 0o Jo

Il
_ / / <qutut 4+ U vy + pxtut> dxdy . (7.27)
0 Jo

S 1 S
/ / wAuy dedy = / uytut|ly:0 dx — / / (uf,t + uf/t) dxdy
0o Jo 0 0o Jo

1 [t /S|
— _E/o (Ut2 (x,0,t) + U? (x, l,t))dx —/0 /0 (uit + uzt)dxdy(7.28)

1l 1
/0/0 (wugruy + vuguy) dedy = /uut’ dy + = / vut}y o dr

__// (ty + v,) w2 dady = 0, (7.29)

Since



S
//uxufda:dy:/ uut‘ dy—Q//uumutdxdy——Q// Uty dedy ,  (7.30)
o Jo

S| ! S

//vtuyutdxdy = /vtuut|é_0 dy—// (wvyruy + uvgy) dedy

0o Jo 0 0o Jo

Il
/ / (Utguy — uvpuy,) dedy , (7.31)
0 Jo

Lol 1 1l
/ / Utyuy dedy = —/ qu}i_o dy =0, (7.32)
o Jo 2 Jo -
1l l . 1l
//pxtutdxdy = /ptut’xzo d?/_/ / Dy dxdy
0o Jo 0 o Jo

1,1
= _//ptumtdxdyv (7.33)
o Jo
we deduce that

1
2dt (/ / u; dxdy) = —Z/ (uf (2,0,t) +uj (z,1,1)) x—z// / (w2, + usy) dady
/ / (Utguy + uvguy,) dedy — / / U v dady
+/ / Pl dxdy . (7.34)
o Jo

Differentiating the second equation of (3.4) with respect to ¢, multiplying it by v; and integrating
over (), we obtain

S Il S
/ / vy daedy = v / / v Avy dedy — / / (U040 + ULV + ViUV + VURYy) dady
0o Jo 0o Jo 0o Jo

l 1
- / / (Uvgrvy + pyevr) dady . (7.35)
0 J0

Since

Il
//vtAvtdxdy = /vytvt]y Od:v—// vxt—i—vyt dxdy
0o Jo

= // vxt+vyt dxdy , (7.36)

Il ! 1 S

1 1 1
/0 /0 (wvgv + Vo) dady = 5/0 vy |x o dy+ 5/0 Uy |y o dr — 5/0 /0 (uy + vy) v} dzdy
_ 0, (7.37)

17



Il
//vyvfdxdy = / vvt‘ dx—?// VU Uy ddy
0o Jo
_ / / Ut didy, (738)
0o Jo

11 !
// wv v dady = / utvvt|x o dy — // (VUgvy + VUUL) dxdy
0o Jo

we deduce that

= // VUV — VUU) dxdy (7.39)

S| 1
— 1 —
/ / Uvgvy dedy = —/ UUfll,o dy =0, (7.40)
0 Jo 2 Jo =

Il 1 Il
//pytvtdxdy = /pt’ut]lyzo dx—/ / DUy dxdy
0o Jo 0 0o Jo
Il
— —/ / ptvyt dl‘dy, (741)
0o Jo

1ol Iyl
/ / vdedy | = —1// / (vit + v2t) dzdy —|—/ / (VU + VUgvgy) drdy
2 dt 0 Jo Y 0 Jo

S
+ / / DUy dxdy . (7.42)
0o Jo

It therefore follows from (6.21), (7.34) and (7.42) that

E (wi) =

IN

By Lemma 6.4

Lo .
2
_2V/ / (uze + gy + vz, + vy) dady — % (uf (2,0,¢) +uj (z,1,t)) da
0 Jo 0

Il 11
+2/ / (Utgy + Oy + VU U+ VUUL) dedy — 2/ / U/vtut dzxdy
0o Jo 0o Jo

al

—vJ (W) + (5 — I/l2> E (wy)
v [P, v [t 9
t o (2,0,t) do — % (uf (2,0,t) +uj (z,1,t)) da
0 0

!
+2/ / (Utgy + ULy + VU U+ VUUL) dady . (7.43)
0

and Young’s inequality, we deduce that (the following ¢’s denoting various positive

constants that may vary from line to line and ¢ being a positive constant that will be determined

18



later)

Lot
| [ wdody <l el
0 JO
< e (Iull™ el + ) (19wl el + lue]) lee]
< c(JY(w) BV (w) + B2 (w))
x (S (wy) EM* (wy) + EY2 (wy) JYV2 (wy))
< cag (B, J)E (wy) +ed (wy) (7.44)
where
ay (E,J)=E(w)J(w)+ E*(w)+J(w)+E(w) . (7.45)
Similarly, we have
[
/ / uuvpdedy < cog (B, J) E(wy) +eJ (wy) (7.46)
0 JO
Iop1
/ / vogvpdedy < con (B, J) E(wy) +eJ (wy) , (7.47)
0 Jo
Lol
/ / vogupdedy < cag (E,J)E(wy) +ed (wy) . (7.48)
0 Jo

It therefore follows from (7.43) that

E(w) <(e—v)J(w)—ocE (W) +cag (B, J) E (wy) (7.49)
which implies
% (e”'E (wy)) < cas (E, J) " E (wy) | (7.50)

where o is given by (5.2). Therefore, by (7.10) and Gronwall’s inequality (see. e.g., [44, p.63]), we
deduce that

E(wi () < E(w:(0)) exp (cE (wq) (E (wo) + 1)) e, vVt >0. (7.51)

On the other hand, by (7.11), (7.14) and (7.15), we have

[
v]|Aw|® = /0/0 (Wi - AW + (uuy, + vuy) Au+ (uv, + vvy) Av) dedy

Lol o, _, o
—l—/ / ((Uum +U v> Au + UUIAU> dxdy . (7.52)
0o Jo
Using (7.19) and (7.20) we obtain
v Aw|® < c(E (wy) + a3 (B, J)) + ¢ |Aw|* , (7.53)
where
az (B, J)=E(w)+J(w)+a1(E,J) . (7.54)
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Hence, by (5.3), (7.24) and (7.51), we deduce that

|AW|® < By (wo) e, ¥t >0, (7.55)
where
Ba (Wo) = ( —i—z:EZ Wy —i—ZJZ (wo) ) exp (cE (w(0)) (E(w(0))+1)) .
(7.56)
In addition, multiplying (3.4) by wy, as in the proof of (7.53), we can prove that
E(w,) < c([|AwW|® + a3 (B, J)) +E (wy) | (1.57)
which implies that
4
E(w, (0) < ¢ (HWOHEQ +) (B (wo) + J* (wo))> . (7.58)
i=1

Thus, as in (7.26), we deduce that

Bo (Wo)

IN

( [Woll%, + Z E" (wo) Z J! <W0)> exp (cE (wg) (E (wg) + 1)) .

< cflwollZ, exp( vaoHﬁg) : (7.59)

Hence, by (7.55) and Lemma 6.3, we deduce (5.5) and inequalities (7.51) and (7.58) show the
stated bound of ||wy (¢)]|

Multiplying the first equation of (3.4) by p, and the second equation of (3.4) by p,, integrating
over §2 and using (7.19) and (7.20) with Aw replaced by Vp, we obtain

l
IVp@)|* = —/0 /0 (Wi - Vp — vAW - Vp + (uu, + vuy) py + (uv, +vvy)) dady
Lol _, o
—/ / ((qu + Uv) Do + vapy> dxdy
0 Jo
< c(B(w) + [|[AW]® + a3 (B, ) + 2 [|Vp|>. (7.60)

From this last inequality the stated bound on ||Vp|| follows by (5.3), (5.4) and (5.5).

Existence and regularity.

We use the Galerkin method to prove existence of solutions. We look for an approximate
solution in the form

(r,y,t Zcm n=1,... (7.61)
where the set {®;} ;> forms a Riesz basis in D (A). We require that w” satisfies (4.13), i.e.
/ l / 1 (w,? B, + VT {VW'VB,) + (W' - V) w" - B, + Tw'®,; + U’v"@-) dzdy
0
-7 /01 (W (2,1,8) & (2, 1) +u" (z,0,1) & (2,0)) da (7.62)
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for all ®;, = (&,7n;), ¢ = 1,...,n. Expanding the definition of w", equation (7.62) provides
us with a system of first order ordinary differential equations for the time dependent coefficients
{cin (t)};>,> where we choose the set of initial conditions

Il
cm(O):/O/Owo(x,y)-@i(x,y) dxzdy B8=1,....n. (7.63)

This system depends on {c;, }., analytically, hence, in order to show the existence of a unique so-
lution for all ¢ € [0, 77, it is sufficient to verify the boundedness of {|c;, (¢)|},~,. This is equivalent
to the boundedness of the norms {||w" (¢)||}, -, as a consequence of the system {®;},., being a
Riesz basis. Replacing ®; by w"” in (7.62) we deduce estimates (5.3) and (7.10) for w”. Namely

W™ @O < lwglle™" < [|woll e, (7.64)

and ’
| e @)1, de < 0 | < M 769
0

for some constants M and o and for a.a. ¢t € [0,7]. In these calculations the steps are justified
using the regularity of w".

The next step in Galerkin’s method is to show that a subsequence of approximating so-
lutions {w"} ., converges to a limiting function w as n — oo. The convergence is ob-
tained using compactness arguments. In our case, by the uniform boundedness of the sequence

{w"},5, in L? ([0, T ,{/') N L ([O, T); ﬁ) a subsequence {w"}, ., converges to some element
w e [? ([O, T] ,\N/') N L> ([0, T); ﬁ) The convergence is weak in L? <[O7 T) ;\7), weak-—star

in 1> <[O, T); ﬁ) and, due to compactness ([61, pp. 285-287],) strong in L? ([0, T] ,{7) These
convergence properties enable us to prove, as a final step of Galerkin’s method, that the limiting
function w is in fact a weak solution of (4.13). We have to show that each term of equation

d o Il Il
— / / w" - ® drdy + 1// / Tr {VW"TV<I>} dxdy + / / (W' - V)w" - ®dxdy
dt Jo Jo 0 Jo 0 Jo

l 1 l 1
+ / / Uw"® ddy + / / U'v"¢ dudy
0 0 0 0
1%

1
= —— / (u" (x,1,t) € (x,1) +u™ (2,0,t) & (x,0))dx (7.66)
k Jo

converges to the corresponding term of equation

d o Il Il
—/ / w-@dxdy+u/ / TI‘{VWTV(I)} dxdy+/ / (w-V)w - ®dzdy
dt Jo Jo 0 Jo 0 Jo

l 1 l 1
+ / / Uw,® drvdy + / / U'v¢ dzdy
0 0 0 0

14

= _E/o (u(x,1,t) & (2,1) +u(x,0,t) € (2,0)) do (7.67)
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forall ® = (§,n) € V. This is a standard step in the theory of Navier—Stokes equations for all the
terms except the ones on the right hand side of equations (7.66) and (7.67). These terms are present
due to our special boundary conditions (3.7). We prove here the convergence of the first term on
the right. The convergence of the second term can be proved in the same way. We have to show

that
1

1
/ u" (z,1,t) € (2,1) de == | w(x,1,t)& (x,1) do (7.68)
0 0

forall ® = (£,7) € V. We take the difference of the two sides in (7.68) and take the L2 [0, T']~inner
product of the result by a function ¢ () € L* (0, T'). We obtain

/OT </01u”(a:,l,t)0(t)€(:c,l) d:c—/olu(a:,l,t)c(t)g(x,l) dx) dt

T 1
< (1€l / ¢ (t) / sup [u" (2,9,8) — u (z,y, )| do dt

y€(0,)
1/2

T 1 [
< Mlel,- [ e | (/ " — uf? dy) da dt
0 0 0
T 1 l ) 1/4 l , 1/4
M el / ¢(t) / ( / i — | dy) ( / u dy) dzdt (7.69)
0 0 0 0

where we used the one—dimensional equivalent of inequality (6.30). We further estimate expres-
sions from (7.69)

1/2

T 1 ! 1/2 T Iyl
/ c(t)/ </ |u"—u2dy) d:r;dtg/ c(t) (// |u"—u|2dacdy) dt
0 o \Jo 0 0 Jo
T 1/2 T 1/2
< (/ ¢ (1) dt) (/ w" — w||2dt) | (7.70)
0 0
T
Here / lw" — w||® dt converges to zero as n — oo according to the strong convergence in
L? ([O, T); ﬁ) . The last expression in (7.69) can be estimated the following way:

4

T 1 ! ) 1/4 l 1/
/ c(t)/ (/ |ult — uy| dy) (/ u"™ — ul® dy) dx dt
0 0o \Jo 0

T
< / () [V (W — w)l|Y2 | w" — w2 dt

12 T 1/2 T
< s (Il + Iwl) ([ @@ ar) ([ 1w wlat)
te[0,T 0 0
1/4

12 T 1/2 T ,
< sup ([w"lly + W) (/ ¢ (1) dt) ﬁ(/ Iw" — wl| dt) @
0 0

te[0,T]

1/2

Here the last factor converges to zero while the other factors are bounded as n — o0. Since
c(t) € L*(0,T) was arbitrary, we obtain the desired convergence result.
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It follows from the Helmholtz decomposition (6.4)—(6.5) that, once the existence of weak so-
lutions w is established, we obtain the existence of pressure p, so that (3.4)—(3.7) are satisfied in a
distributional sense.

The rest of the regularity statements in Theorem 5.1 follows from estimates (7.24), (5.4), (7.51),
(7.55), (5.5) and from embedding theorems.

Continuous dependence on initial data and uniqueness.

Let w; = (uy, vl)T, and wy = (uq, /UQ)T, p2 be two solutions of (3.4)—(3.7) corresponding to
initial data w9 and w9 respectively. Their difference w = (u, v)T = Wi — Wy, p = p; — po satisfies

U — VAU 4 U Uy + Ulog + V1Uy + VUgy + Uu, + U+ P =20, (7.72)
vy — VAU + U0, + Uay + 110y, + 009y + Uv, +p, =0, (7.73)
Uy + v, =0, (7.74)

with boundary condition (3.5)—(3.7). Taking the scalar product of (7.72) with u we obtain

1yl S 1ol
/ / wu dxdy — 1// / Auu dzdy +/ / U U dxdy
0o Jo 0o Jo 0o Jo
S Il 1ol
—l—/ / Ulg,u drdy —|—/ / viuyu drdy —|—/ / VUgyu dxdy
0o Jo 0o Jo 0o Jo
Lol Lol I pl
+/ / Uuzu dzdy +/ / U vudzxdy —|—/ / peudrdy = 0. (7.75)
0o Jo 0o Jo 0o Jo
Here

l 1 1 l 1 1 l 1
/ / uuzu drdy = —/ u1u2’x_0 dy — —/ / U u? dxdy
0o Jo 2 Jo B 2J)o Jo

< S Ivwill[wl,

< M{Twi| (Wl + Vw7 ] 2)

= MVl Wl + M w2 w2 4 0 [ w] [

< MTw I+ 5 9w+ M w2 ]+ S [
M wa

< IV 4 M ([Tw ) ], 1.76)

where we used Young’s inequality twice in the fourth step with § > 0 arbitrary and
M (| VW (8)]) = cmnax ([9will + [ Twill 7 + lwi (1)]17) @.77)

Terms 4, 5 and 6 in (7.75) can be estimated the same way. The rest of the terms are estimated as in
obtaining (5.3). Taking the scalar product of (7.73) with v we obtain

1ol IS} ST S
/ / v dedy — V/ / Avv dzdy + / / U, drdy + / / UV, dxdy
0o Jo 0o Jo 0 Jo 0o Jo
S 1ol Lo 1yt
—|—/ / V10,V dxdy + / / VU2, v dxdy + / / Uv,v dzxdy + / / pyvdrdy = 0.(7.78)
0o Jo 0o Jo o Jo 0o Jo
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The estimation of the terms is similar to (7.75). We obtain from (7.75) and (7.78), after choosing
appropriate 9,

%HW(@H2 < M ([Vw (8)]) W @)]° - (7.79)

Gronwall’s inequality applied to (7.79) implies that

lw (OI" < [[w (0)]]” exp (/0 M ([[Vw (7)) dT) (7.80)

forallt € [0,7). Since M (||Vw,, (t)||) is integrable over every finite interval [0, 7], (7.80) proves
the continuous dependence of solutions on the initial data in the L? norm.

8 Numerical Simulation

L2 Norms
2.5 ‘
uncontrolled
controlled
0 Il Il Il Il Il I - —
0 500 1000 1500 2000 2500 3000 3500 4000
t—axis

Figure 8.1: Energy Comparison

The simulation example in this section is performed in a channel of length 47 and height 2 for
Reynolds number Re = 15000 (a = 2/15000, v = 1/15000), which is five orders of magnitude
greater than required in Theorem 5.1, and is three times the critical value (5772, corresponding
to loss of linear stability) for 2D channel flow. The validity of the stabilization result beyond the
assumptions of Theorem 5.1 is not completely surprising since our Lyapunov analysis is based on
conservative energy estimates.? The control gain used is k = 1.

A hybrid Fourier pseudospectral-finite difference discretization and the fractional step tech-
nique based on a hybrid Runge—Kutta/Crank—Nicolson time discretization was used to generate the

2The effect of boundary control law (3.7) can be seen mathematically in inequality (7.5) in the context of the L2
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Figure 8.2: Vorticity Maps at ¢t = 700.

results. The code originally has been adapted from a Fourier—Chebyshev pseudospectral code of T.
Bewley [6], changing the wall-normal discretization to second—order finite differences (P. Blossey,
private communication). The nonlinear terms in the Navier—Stokes equations are integrated explic-
itly using a fourth—order, low storage Runge—Kutta method first devised by Carpenter and Kennedy
[8]. The viscous terms are treated implicitly using the Crank—Nicolson method. The numerical
method uses “constant volume flux per unit span” instead of the “constant average pressure gradi-
ent” assumption to speed up computations. The differences between the two cases are discussed
in, for example, [56]. The number of grid points used in our computations was 128 x 120 and
the (adaptive) time step was in the range of 0.05 — 0.07. The grid points had hyperbolic tangent
(y; = 1+ tanh (s (255 — 1)) /tanh(s) j = 0,...,NY) distribution with stretching factor
s = 1.75 in the vertical direction in order to achieve high resolution in the critical boundary layer.
In order to obtain the flow at the walls in the controlled case the quadratic Three—Point Endpoint
Formula was used to approximate the derivatives at the boundary (U, (x,0,t),U, (z,2,t)). This
formula is applied in a semi-implicit way in order to avoid numerical instabilities. Namely, the
Three—Point Endpoint Formula at the bottom wall has the form

Uy (0) ~ doUo + d1U1 + d2U2 s (82)

with notation U; = U (y;), j = 0, 1,2 and with appropriate constants do, dy and d,. We can write

perturbation energy. The boundary integral

! 2 1\ , 1,
/0 <2V (z — E) u® (z,0,t) — 2I/Eu (xJ,t)) dx 8.1

is negative even for large Reynolds numbers (small kinematic viscosity) if k is sufficiently small. Hence, it improves the
stability properties in general. The trace theorem however does not allow us to compare this term and the total energy
and to prove the stability results of Theorem 5.1 for large Reynolds numbers. This shows the need for numerical
simulation.
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Uncontrolled

Figure 8.3: Recirculation in the flow at ¢ = 120, in a rectangle of dimension 1.37 x 0.31 zoomed
out of a channel of dimension 47 x 2. The shaded region (upper right corner) is magnified in Figure
8.4.

control law (3.8) now as
[
Urtt = k [doUg“ + d UL + doyUy — ;‘—V} : (8.3)

where superscripts n and n + 1 refer to values at time step n and n + 1 respectively. Equation (8.3)
results in the update law

z
Ul = (dlUf +d U — ;—V) /(1 — kdy) (8.4)

at the boundary. The boundary condition at the top wall is updated in a similar way. The numerical
results show very good agreement with results obtained from a finite volume code used at early
stages of simulations. As initial data we consider a statistically steady state flow field obtained
from a random perturbation of the parabolic profile over a large time period using the uncontrolled
system.

Figure 8.1 shows that our controller achieves stabilization. This is expressed in terms of the L2~
norm of the error between the steady state and the actual velocity field, the so called perturbation
energy, which corresponds to system (3.4)—(3.7) with £ = 0 (zero Dirichlet boundary conditions
on the walls) in the uncontrolled case. The initially fast perturbation energy decay somewhat slows
down for larger time. What we see here is an interesting example of interaction between linear
and nonlinear behavior in a dynamical system. Initially, when the velocity perturbations are large,
and the flow is highly nonlinear (exhibiting Tollmien—Schlichting waves with recirculation, see the
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Figure 8.4: Velocity field in a rectangle of dimension 0.393 x 0.012 zoomed out of a channel of
dimension 47 x 2, at time ¢t = 120. The control (thick arrows) acts both downstream and upstream.
The control maintains the value of shear near the desired (laminar) steady—state value.

uncontrolled flow in Figures 8.2 and 8.3). The strong convective (quadratic) nonlinearity dominates
over the linear dynamics and the energy decay is fast. Later, at about ¢ = 500, the recirculation
disappears, the controlled flow becomes close to laminar, and linear behavior dominates, along with
its exponential energy decay (with small decay rate).

In the vorticity map, depicted in Figure 8.2 it is striking how uniform the vorticity field becomes
for the controlled case, while we observe quasi—periodic bursting (cf. [37]) in the uncontrolled case.
We obtained similar vorticity maps of the uncontrolled flow for other (lower) Reynolds numbers,
that show agreement qualitatively with the vorticity maps obtained by Jiménez [37]. His paper
explains the generation of vortex blobs at the wall along with their ejection into the channel and
their final dissipation by viscosity in the uncontrolled case.

The uniformity of the wall shear stress (U, ) in the controlled flow can be also observed in
Figure 8.4. Our boundary feedback control (tangential actuation) adjusts the flow field near the
upper boundary such that the controlled wall shear stress almost matches that of the steady state
profile. The region is at the edge of a small recirculation bubble (Figure 8.3) of the uncontrolled
flow, hence there are some flow vectors pointing in the upstream direction while others are oriented
downstream. The time is relatively short (¢ = 120) after the introduction of the control and the
region is small. As a result it is still possible to see actuation both downstream and upstream. Nev-
ertheless the controlled velocity varies continuously. Figure 8.3 shows that the effect of control is to
smear the vortical structures out in the streamwise direction. It is well known that in wall bounded
turbulence instabilities are generated at the wall. In two dimensional flows these instabilities are
also confined to the walls. As a result, our control effectively stabilizes the flow.

We obtain approximately 71% drag reduction (see Figure 8.5) as a byproduct of our special
control law. The drag in the controlled case “undershoots” bellow the level corresponding to the
laminar flow and eventually agrees with it up to two decimal places. It is striking that even though
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Figure 8.5: Instantaneous drag.

drag reduction was not an explicit control objective (as in most of the works in this field), the
stabilization objective results in a controller that reacts to the wall shear stress error, and leads to
an almost instantaneous reduction of drag to the laminar level.
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