Boundary Control
of the Korteweg—de Vries—Burgers Equation:
Further Results on Stabilization and Well Posedness,
with Numerical Demonstration*

Andras Balogh and Miroslav Krstic
Department of MAE
University of California at San Diego
La Jolla, CA 92093-0411
fax: 858-822-3107
858-822-1374 858-822-2406
abalogh@turbulence.ucsd.edu krstic@ucsd.edu

http://mae.ucsd.edu/research/krstic

Abstract

We consider the Korteweg—de Vries—Burgers (KdVB) equation on the interval [0, 1]. Mo-
tivated by poor decay rates of a recently proposed control laws by Liu and Krstic which keeps
some of the boundary conditions as homogeneous, we propose a strengthened set of feedback
boundary conditions. We establish stability properties of the closed—loop system and illustrate
the performance improvement by a simulation example.
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1 Introduction

The Korteweg—de Vries—Burgers (KdVB) equation is one of the simplest nonlinear mathematical
models displaying the features of both dispersion and dissipation. It serves as a model of long
waves in shallow water and some other physical phenomena. The usual and simplest setting in
which the controlled and uncontrolled KdVB equation or the simpler KdV equation is considered
is either the case of periodic boundary conditions (see, e.g. Biler [4], Bona et al [5, 6], Russel and
Zhang [19]) or the case where the spatial domain is the whole real line (see, e.g. Biler [3], Bona and
Smith [7]). As a next step in the analysis of a system it is natural to consider the controllability (see,
e.g. Rosier [17]) and stabilization (see, e.g. Zhang [22]) on a bounded domain. In a recent work
Liu and Kirstic [15] consider a boundary feedback stabilization problem for a KdVB equation on a
finite spatial interval. Our paper is motivated by relatively poor performance of the controllers in
[15] which we have observed in numerical simulations. In this paper we propose a more aggressive
control law that achieves better performance. Our control law can be implemented via any of
the following three variables actuated at one boundary with w held at zero at the other boundary:
(W, Wax)s (Wywy), (W,wyye). The uncontrolled versions of some of these problems are known not
to be asymptotically stable. An example of a physical problem where our control law would be
implementable is the water channel setup with boundary actuation discussed in Rosier [17]. In
Section 2 we prove the existence and stability of solutions of the resulting boundary controlled
KdVB equation. In Section 3 we provide a numerical example after a brief description of the finite
difference numerical method we used.

2 Stabilization

Consider the Korteweg—de Vries—Burgers equation
Wi — EWxy + OWpe +wwy =0, x€10,1], >0, (2.1)
with €, & > 0 and with some initial data
w(x,0) =wo(x), x€]0,1]. (2.2)

Liu and Kirstic [15] proposed the control law

w(0,¢) = 0, (23)
we(l,1) = 0, (2.4)
wee (1,1) = —%wz(l,t) (2.5)

which achieves global stability in L?, and an improved version of it

w(0,2) = 0, (2.6)
we(l,1) = 0, 2.7)
wee (1,1) = %(c+9—1cw2(1,t))w(1,t), c>0 (2.8)
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which achieves also global H'—stability and guarantees well-posedness. Unfortunately, as we shall
see in Section 3, the choice wy(1,7) = 0 results in slow convergence to zero. For this reason, in this
paper we seek and find a more aggressive boundary condition that also uses wy(1,¢) for feedback:

w(0,0) = 0, 2.9)

wy(l,t) = —gl(w(l,t))é—é (c—i—%wz(l,t))w(l,t), (2.10)
2

wee (1,1) = gz(w(l,t))és—lz(c+9—1cw2(1,t))> w(l,t) . 2.11)

It is clear that, since (2.10) and (2.11) are invertible functions, this control law can be implemented
via any of the following three variables at the 1-boundary: (W, wyy), (W, wy), (W, Wxy).

In order to formulate our problem as an abstract initial value problem we consider Hilbert spaces
X =12%(0,1),H=H'(0,1), operator 4 : (D(4) C X) — X*given by

Aw = —&Wxy + S + % W), (2.12)
and domain
D(A) = {we H>(0,1) [w(0) =0,w (1) =—g1 (w(1)),w' (1) =g2 (w(1))} . (2.13)
With the above notation our system (2.1), (2.2), (2.9)—(2.11) can be written in the form of
le—v: +Aa4w = 0,
w(0) = wp. (2.14)

Our main result is formulated in the following theorem.

Theorem 1. For any initial data wo € D (A) system (2.1), (2.2), (2.9)—(2.11) has a unique solution
w(x,1) € C(0,00;L2 (0,1)) NC (0,00, H' (0, 1)) with

1. Global exponential stability in the L*>—sense:

lw (@l < [lwolle™, V>0, (2.15)

2. Global asymptotic and semi—global exponential stability in the H'—sense: there exist M > 0

such that for any 0 < o < 1

M A lIwollz —
w(t < —w eVi—a!"0llgt g =08 vVt > 0. 2.16
w (@)l < mll ol > (2.16)
The same stability statements (reported in [15]) hold with control law (2.6)—(2.8). Since (2.15)
and (2.16) are conservative energy estimates and M is a generic constant, they do not provide a
good basis for comparison of the two controllers.

It is very important to understand the role of the parameter o in the H! estimate (2.16)!. The

larger o, the better the exponential decay rate. However, at the same time, the “overshoot”, which
is proportional to 1/+/1 — a., grows and approaches infinity as o — 1.

'We thank a reviewer and associate editor for suggesting the use of this parameter. Our original analysis was for
o=1/2.



Proof of Theorem 1. In order to prove the stability results we use energy estimates.
First take the L>—inner product of (2.1) with w to obtain

1 1 1 1
/ w,wdx—e/ Wowdx + 8/ wxxxwdx—l—/ wxwzdxzo. (2.17)
0 0 0 0

Using mainly integration by parts, we can write the various terms as

1 1d 2
=—— 2.1
/0 wwdx > t||w(t)|| , (2.18)

1
—8/0 wawdx = —ewow|d+€||wy ()]

= —ew (LO)w(L,1)+e]lw, ()|
= <c+%w2(l,t)> w? (1,1)+&[we (0)]17, (2.19)

1 1
8/ WeaWdx = waxw|(l) — 8/ WWy dx
0 0

8 1 2 8
= 2 (c+ sz (1,t)> w2 (1,1) — Ewﬂ(l)
0 15 ’ 2 S 5
= — —w (1 1 = 2.2
o (e g (L) w2+ 320, (2.20)
and
: 2 1 3 1y )
/0 Wyw dx:§w (l,t)gl—gcw (1,t)+§w (1,1) . (2.21)
Substituting (2.18)—(2.21) into (2.17) and simplifying the resulting inequality we obtain
(2.22)
As a first consequence of (2.22) we obtain, using Poincaré’s inequality, the inequality
d
o Iw (D)]I> < =2¢ w (DI < =2ew ()], (2.23)
which implies (2.15), i.e. the global exponential stability in the L? sense:
w1 < [[woll ™" (2.24)

We now return back to (2.22) and multiply it by *®, where 0 < o < 1 is arbitrary. Using (2.24)
we get

d

S 2
E (eZ(XSt ||W(l)||2) +2862a£t ”Wx (t)||2+62(x8t (% +C) Wz(l,t)

20t 1 28 4 662a£t 6 20t 2

< 20 ||w||* e~ B2 (2.25)



Integrating (2.25) with respect to time we obtain
! 1
@)+ [ (e (BIP +2 (1L 1)+ (1,5) 40 (1,9)) de < — [lwol*. 226)
Next, we take the L?>—inner product of (2.1) with —wy, to obtain

1 1 1
—/ Wiwedx+€ ||wxx||2 — 5/ WyexWax dX — / Ww Wy dx = 0. (2.27)
0 0 0

The various terms of (2.27) can be written in the following way.

1
_/0 WiWe dXx = Wth\o'i‘ || X||

1 1 1d,
= —w(l,z — 1,t 1,t)+<—
L1, >("+9cw 1, ))w< A+ 5 el

1
= ~— (||Wx||2+ w2 (1, t)+mw (1,r)), (2.28)

4
8/01wxxxwxxdx: “wilh= = (c+—cw2(1,t)> (1, t)—gw (0,1), (2.29)
1
Oll- [ ] i
Ol = llws (@) [ weee (2)]
(0)]17= [[wa (t)||2+E||wxx(t)||2

2o e O+ e ()P 230

h
=
E
g
=
AN
=

A
=

IN
il
=

IN

Here, in the last step, we used the simple inequality [[w||;=(o 1) < [|wx[|, which holds for w €
H; (0, 1). Introducing the notation

AW = S0 (L) + 1w (L) + [ O @31

and substituting (2.28)—(2.30) into (2.27) we obtain
GAO+elinOF < 5 (200450 10+ g (1)
s (P 202 (1,0 + ——w (1,1) ) = B2, (0,1) + 2 [[we ()]
9 ’ 81c2 ’ A €
< M (w2 (10w (1,6) 0 (L) + [we (1))

+M <w2 (1,0)+w* (1,6) +wS (1,8) + [[wy (r)||2) AG). (232
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Omitting the nonnegative second term on the left, using definitions (2.31) and

b(t) =™ (w2 (1L,1)+w* (1,6) +w® (1,£) + | wy (z)||2) : (2.33)
and multiplying (2.32) by ™ we get
d
- (**A()) < Mb(t) +Mb(t) ™ A(t) . (2.34)

After integration we obtain from here
t t
%A (1) < A(0) + / Mb(t) dt+ / Mb (1) e**A (1) dr. (2.35)
0 0
It follows now from Gronwall’s inequality, estimate (2.26) and the definition of b (¢) that

FoA () < (A (0)+ /O "Mb (%) dr) (1+ /0 "Mb(t)exp < /T "Mb(s) ds) dt)

. (A(O)—i- ||wO||>+(A(O)+ ||wO||) Ioll® pol” 5 5

11—« 11—« 1—a

Multiplying (2.36) by e~2* | taking the square root, and using the definition of A (t) one more time
we arrive at the inequality

1w ()51 < K (00) [[wi| g1 <@ ol g=oer 2.37)

where Y
k(o) = . 2.38
(@)= = 2.39)
This proves (2.16), the semi—global exponential stability in the H'-sense. Notice that k() is a
monotone increasing function of its argument o and it blows up at o = 1. The decay rate dependent
overshoot coefficient dominates the estimate on short time intervals, which shows again the need for

numerical comparison. Due to the general Sobolev embedding theorem H*(Q) C C* (Q), which
holds for k < £ — n , Q C R", the solution w(z,x) is continuous and bounded for all # > 0 and all
x€[0,1].

For completeness we include here an existence proof that is based on the theory of monotone

operators with locally Lipschitz perturbations [9, 20, 1] and follows the arguments in [14]2.
We consider two operators, 4; : (D (A4;) C X) — X given by

ﬂlW == _elw_xx + SWXXX (2.39)
with domain

D(A) = {we H(0,1) [w(0) = 0,w' (1) = —g1 (w(1)), W' (1) =g2(w(1))},  (2:40)

2See Acknowledgment section at the end of the paper.



and 4, : (D(A) C X) — X given by
d
Tow = Aw — €Wy + Ef (w) (2.41)

with domain
D(A) = {we H*(0,1) [w(0) =0,w' (1) = —g1 (w(1))}. (2.42)

Here €1, &, > 0 with &) + &, = € and f (w) = w?/2.
Next we introduce a cut—off function of f(y) = y?/2 and obtain the globally Lipschitz contin-

uous function 2/ N
_ oy /2 it |y <K,

with Lipschitz constant Lx = K. We define the nonlinear operator A, g corresponding to the cut—off
version of 4, as
d
/‘leyKW = Akl — €Wy, + af[( (W) (2.44)

for some Ag € R with domain D (A4 k) = D ().
Our plan is to consider the abstract, truncated Cauchy problem

d
Y (Ak—ADw = 0, >0, (2.45)

dt
w(0) = 0, (2.46)
where Axw = A1w + Ao kw = Agw — EWxy + OWyrr + % fx (w). We will show that problem (2.45)—
(2.46) has a strong solution wg for all K > 0 and then we obtain a variational solution of the original
problem as the limit of wg, in an appropriate sense, as K — oo.
We have to show that A is m—accretive (maximal monotone or, with other words — A is maxi-

mal dissipative) on X in order to use the Crandall-Liggett Theorem. First we show the monotonicity
of Ax for some Ax € R by showing the monotonicity of 4; and 4 x separately.

(Ayw— Apv,w—v)

:_81<( —V)X,W—V>+8<( - )xxx’w_v>

= ) (=), (0 =) b €110 =), 24800 =) 9= )
=38 ) (- 1),)

=1 o1 (0(1) =1 () G (D =V (D) 1 el
4822 (w(1)) — 82 (- (1)) 00 (1) V(1) 3 (we— v
e (1) 1 () (1) (1) 1
#8(e2 (v (1) =2 () ()= (1)

42 (g1 (1) =1 (o(1))+ 5 (0 (0) e 0))°
zel||wx—vx||2+ggz(wu))w(m§w§<o>

> e |we—vel|> > &1 [lw—v|)?, (2.47)



where we have used the fact that both g| and g> are monotone functions and in the first inequality
we have also used their explicit form. As a result we obtain that the operator 4; is monotone on
X and on H x H*. It is also maximal monotone, since its restriction to homogeneous boundary
conditions is a linear, maximal monotone operator.

(Ao xw— Ao xv,w—V)
= A |lw = v[I* = &2 (W =) oo, w =)+ ((fie W), = (i () s w =)
=k [lw =l &2 (w—v), (w=v) [+ &2 | (w—v), ||
+(fi (W) = fx () =) o= (fxe (W) = fx (), (w=),)
> e [lw = v +2 (g1 (w(1)) = g1 (v(1))) (w (1) = v (1)) + &2 [[we — v
+(fk (w(1)) = fx (v(1))) (w(1) =v (1)) = I/ (W) = fxe )] W — v
> i lw—vI|* +€2 (g1 (w(1) — g1 (v(1))) (w(1) = v (1)) + &2 lwe = vI®

K (0 (1) = v (1) = ¥ flwy = w2 - 2—1¥||f1< (w) = fx W

2
K
> [ — VI 4 €2 e — vl > = 2 flwe = v = o= [|w—
= hcllw =vi" €2 we =vel|” =3 llwe =vell” = 5 flw =]

—2K |[w = v[[ {|wx =i

K 2K?
> <xK————) lw—v||>+ (€2 —7) [[we — vxl|* - (2.48)

Here we used integration by parts in the first step, the boundary conditions and the Cauchy—Schwarz
inequality in the second step. In the remaining steps we exploited the Lipschitz continuity of fx,
along with Young’s inequality. We also used the simple inequality |¢*(1)| < 2||¢./|[|¢]|. The term
containing g is positive as g is a monotone function, and hence this term was dropped from the
last two estimates. Choosing Y= €;/2 in (2.48) we obtain that 4, x is monotone both on X and
on H x H* for Ak large enough (for example for Ax > 2K (4K + 1) /€;). It also follows that 4
is hemicontinuous. Putting together A; and A, ¢ we obtain that Ax = A, + A, g i monotone on
X and H x H*and hemicontinuous on H x H* for large wg. The operator Ay is also coercive on
H x H* since (2.47) and (2.48) imply (with v = 0) that

2
i (o) (Dpoww) L Bl
wll=seo [[W|| g1 (W[ g1 [vl=oo [[W]|z1

As a result, by [1, Corollary 1.3, page 46], the operator Ax : H — H* (as well as 4g — Al) is
surjective. Due to this result and the inclusion H C X C H*, in order to show that the range of
Ay — M is all of X, it suffices to show that if f € X and w € H satisfies

Axw —dw = f (2.49)
then w € D (Ak). Expanding and rearranging (2.49) we get
d
—EWy + W = f+ (A —Ag)w— EfK (w)eX (2.50)

and since we already know that 4; is maximal monotone for all €, > 0, we obtain that
w € D(A4) = D(Ak). Hence, by Minty’s Theorem [16] A is maximal monotone on X and
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by the Crandall-Liggett Theorem [9] problem (2.45)—(2.46) has a unique strong solution wg €
C (0,00, D (Ak))NC! (0,00,L2 (0,1)) C C (0,00;H>(0,1)) NC" (0,00;L? (0, 1)) for all K > 0.

Next, we establish the uniform boundedness of the sequence {wk} g~ in the same way as the
a priori estimates were obtained. Starting with the identity

1 1 1 1
/OwKtdex—e/O wKxwadx-i-S/O wKxxwadx—i-/O (fx (wk)),wgdx=0 (2.51)

we estimate the last term as

1

1 1
/ (fK(wK))wadxzf (fic (Wg)) wredx = = (wh) . dx < = i (1,1)}, (2.52)
0 lwi|<K 3 Jiwk|<k 3

and with this we obtain the uniform in K a priori estimate (2.26) for wg

! 1
5 e ()] + [ 25 (e (O + w5 (1,9) + i (1,9) + 06 (1,9)) de < 1 ol

(2.53)
We obtain estimate (2.16) similarly, after noting that estimate (2.30) is now written as
1
/ (fxk WK)) Wkdx = / (fk (Wk)) Wi dx
0 lwi|<K
= / WKWK WK xx dX
|wi|<K
1
S /() ‘WKXWKWKxx| dx
< e O+ s ()P (254
= e Kx ) Kxx . .

Consider now two parameters K, L and the corresponding two solutions wg, wy, of (2.45)—(2.46).
For their difference w = wg — wy, we have

Wi — 8wy + W + (fi (WK))x_ (fr (WL))x =0, x€[0,1], >0, (2.55)
w(x,0) = 0, (2.56)
w(0,¢) = 0, (2.57)
we(L,t) = gi(wr(1,8))—g1 (wg (1,8)) =w(l,t) 81, (2.58)
Wxx(lit) = gZ(WK(17t))_g2(WL(17t)):W(lat)gZ; (259)
where c
&1= 55 (O wi (1L,0) +wk (1w (1,0) +wi (1.1)) (2.60)
and
2
&= @ ((9+w%(1,t))2+w,<(1,z) (w (1,1)+wr (1,1)) (w%((l,t)+l8+w%)> X))



After taking the inner product of (2.55) with w we calculate

1
8/0 wawdx = ewow|b—el|we (1)

egiw’ (1,1) —&|lwx (1)

IA

~ 2
ClZ Wl Il — & [l

. 3e
< Cgilwl = wal? (262)

1 1
8/ Wxxxwd.x - 8Wxxw|(1) - 8/ WxxWx d.x
0 0

_ o
= 8gw* (1,1) — ~wi|g

2
) 05 5 d
:SgZW (17t)_§glw (lat)—}_iwx(oat)
_ &, 2 2 2 .2 2
= 162£2W (L,2) 81+18(WK(1,t)+wL(1,t))—l—(WK(l,t) wL(l,t))
8¢? )
+@W2(1,I)W%((1,I)W%(l,t)+EW)%(O,I)
—8—Czw2(1 Hwi (1,0)wr (1,1) (2.63)
982 ’ K\1, L\1,t) - .
Here only the last term is not positive definite and it can be estimated as
&2
02" (L) w (L)we (1,8) < Cllwl lwal (Iwll + [Iwell) ([waeell + [lwell)
2 200012 L € 2
< Clwgll+ [Iwe )™ Uiwieell =+ weed )™ [wll™+ o flwsll (2.64)
Then, using the notation
~ 2 2 2
L (t)ZC(g%+(IIWK||+I|WLII) (Wl + [lweel )™ + [lwcl +|IWL||||WLx||) (2.65)
we obtain

%IIW(t)IIZJrEHWx DI <Ly (t)||W(t)||2+/Ol ((fx (wk)), = (2 (we)),) (wg —we) dx. - (2.66)

From here, using Gronwall’s inequality we obtain

@+ [ @I ae< [ [ (0o (0, o~ ) e
x <1+/()tL1 () exp [/OTLI (s) ds] d«:) . 2.67)

Since the first factor converges to zero according to Lemma 1 and the second factor is bounded
according to (2.53), we obtain

t
(wg —wr) (I + /0 ks (8) = wie (D dT— 0,  K,L— oo, 2.68)
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With (2.68) we obtain that
wi == w in € (0,T;12(0,1)) L2 (0,T;H' (0,1)) . (2.69)

Taking the inner product of (2.55) with —w,, we obtain

1
—/0 WiW dx = Wth|o+2d [ XH

d
= _Wt(lat)Wx(lat)+__||WX||2
= —w (L)w(l, f)81+——|| wyl[®

- G(WK,WL)E(HWXH w (1,t)), (2.70)

where 0 < G (wk,wr) depends also on the sign of |wx|| and Zw? (1,1).

S/OIWWwaxdx = 2 wilo
_ 2 (1.1) z_ng (0,1) 271)
We obtain
G (v we) - (I 0P+ w2 (1,0)
<208+ [ (U 0900), = (e 9) e @72)

which can, in turn, be written as

L (I @lP w2 (10) < L2 (I 0P+ (1,0)

+ /1 ((fx (W) = (fz. (WL)),) wardix. (2.73)
0

From here, using Gronwall’s inequality we obtain

b @420 < [ [ (i), = (i (), wardds

« (1 + /0 "L (v)exp [ /0 Lo (s) ds} dt) (2.74)

Since the first factor converges to zero according to Lemma 2 and the second factor is bounded, we
obtain

| (wix — wix) (0)]]> = O, as K,L — oo. (2.75)
With this we obtain that
wi X255 w in € (0,T;L%(0,1)) NC (0,T;H' (0,1)) (2.76)

11



where w(x,7) € C(0,T;L*(0,1)) NC(0,7;H'(0,1)) is a variational solution of problem (2.1),
(2.2), (2.9)-(2.11) satisfying stability estimates (2.15) and (2.16).

The uniqueness is obtained taking two assumed solutions w; and w; and subtracting the corre-
sponding two systems from each other. Then, using the notation w = w| — w, we obtain

Wy — EWyxx + OWyrr + WW1ix +wowy, = 0, x€[0,1], >0, 2.77)
w(0,1) = 0, (2.78)
wy(1,8) = g1(wa(1,1)) —g1 (w1 (1,1)) =w(l,t) g1, (2.79)
Wxx(lat) = gZ(Wl(l,I))—gz(Wz(l,l)):W<1,t)g2, (280)

where g and g, have the same form as in (2.60)—(2.61) except wx and wy, are now replaced by wy
and w» respectively. We calculate

1
s/o wawdx = ewow|b—el|we ()|

egiw’ (1,1) —&llwx (1)

IN

~ 2
ClZH Wl el — & [l

. e
catlwll® = il (281)

IA

and
1 1
5/ WeaeWdx = SWXXW‘E)—S/ WWy dx
0 0

o
= 85w (1,1) — swil

2
= 5§2w2(1,t)—gg%wz(l,t)+é—23w)%(0,t)
2
= Te (1) (B 18 (A (L0 03 (10) + (3 (1) =3 (10))
&c? 201 201 201 o 200
+162£2W (Le)wy (1,1)wa ( ’t)"‘iwx( ,1)
dc? )
52" (Lwi(L)wa(L,1). (2.82)

Here only the last term is not positive definite and it can be estimated as

Sc?
@wz(l,t)m(l,t)wz(l,t)SCHWII||wx||(|IW1||+|IWz||)(|IW1x||+IIszll)
2 2 2 £ 2
< C(will+ w2l Al + w2 w4 [1ws] (2.83)
and
lwzm dx < |[wW?]| o [lwixll < 2[[wll el [[wixll < Clw P 1wl + = ] (2.84)
0 X >~ [ x|l > X x|l > 1x 3 X . .

12



Similarly 1
€
/O wawewdx < C|lwall [waell [[wll* + ¢ w1 (2.85)

Then, using notation (2.65) with wg and wy, are replaced by w; and w, we obtain
d
EIIW(t)HZSLl ) lw @) (2.86)

From here Gronwall’s inequality implies

w(@)[]> < |lwol|* exp (/0 L (1) dt). (2.87)

Inspecting L; (t) we observe that it is integrable and since ||wg|| = 0 we obtain that |w (¢)|| = O for
all # > 0, i.e. the solution of (2.1), (2.2), (2.9)-(2.11) is unique.
L

Lemma 1. Under the hypotheses of Theorem 1

L—

¢ ol K Lo
/ / ((fx wWk)),— (fr (wr)),) (W —wr) dxdt —— 0 (2.88)
0 Jo

foranyt > 0.

Proof of Lemma 1. Let us use the notation w = wg — wy, and Qg = {x € [0,1] : |wg (x)| > K}.
The measure of Qg can be estimated as

mes Qg = K_6/Q KSdx < K8 ||wi||% < 4K~ |wiel)* lwk]|* (2.89)
K

where we used the classical multiplicative inequality (2.99) with r =m =2, and g = 6.
We have

t 1 t
| Uit = i o)) v =) dxare= [ [ g s (=0 dd

t 1/2 7 o 1/2
gz(/ ||wLx||2dr) (// \WK\4dxd’c> , (2.90)
0 0 JQg

where, without loss of generality, we assumed that

t t
// w;gdxdrz// wh dxds. 2.91)
0 JQg 0 JQk

In (2.90) the first factor on the right hand side is bounded according to estimate (2.53). The second
factor can be estimated as

t t
// w[*dxdt = /||WK||§6(mes Qx)¥ dr
0 JQg 0
| L 4 8 .2 2 4
< Z/o 25 ||lwil 13 [lwi |2 25K [|wiee | [k |13 dt

t
_ K—o0
= K7 /0 lwicell i l|* dt === 0, (2.92)
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where we used Holder’s inequality with f = 1, p =3 and g = |wg|*, g = 3/2 in the first step and
inequality (2.89) and (2.99) in the second step.
]

Lemma 2. Under the hypotheses of Theorem 1

/O t /0 (e 8)), = (fu (w2)), ) wae e K275 0 (2.93)

foranyt > 0.

Proof of Lemma 2. We have, similarly as in Lemma 1,

/Ot /Ol((fK (wk)), — (fL (WL)),) Wi dxdt = /o t /Q e WiWL W dxdT

t 1/2 t 1/2
< ( / ||wxx('c)||2d'c) ( / / |wL|2|wLx|2dxd'c) (2.94)
0 0 JQK\QL

The boundedness of the first factor above can be obtained integrating (2.32) which holds for all wg
uniformly in K. For the second factor we have

t 2 2 t 4 % 1 4 %
// wi? (wia dxdt < (// Iwi| dxdr) (/ ||WLX||L4d’C) . (2.95)
0 JOr\Qr 0 JQ\Qp 0

We already know from inequality (2.92) of Lemma 1 that the first factor on the right hand side of
inequality (2.95) converges to zero as K,L — co. The second factor is estimated with the help of
inequality (2.98) as

[ wdifaz <t [ (I @I+ I @b OIF) 0

1

t 2

< Mt max ||wy (D)|*+M (/ W (1:)||2d1:) Vi max_|Jwy (7)]|°, (2.96)
7€[0,1] 0 T€[0,1]

where M is a generic constant. Since each expression is finite in (2.96) for any ¢ > 0, the result of
Lemma 2 follows.

]
Lemma 3. Foranyw € H' (0,1) and 2 < q < o we have
[wllze < v Wl 2 flwee | ] (2.97)
where .= 1/2—1/q, vy =2t and v, = 236%. We also have
[IWliZe < 212 |w? 4+ 21 3% w2 ][> (2.98)
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Proof of Lemma 3. This is a 1-dimensional extension of a classical inequality (see, e.g., [13, The-
orem 2.2, pp 62])
1—
1Wllza < Bllwallzn [Iwll -, (2.99)

which holds for w € W} [a,b], m > 1 with w(a) = 0, where r < g < oo,

—1
. (l_l> (1_l+l> (2.100)
r q m r

and )
-1
B= (1+mm r) : (2.101)
As in [8], we consider an arbitrary w € H' (0, 1) and its extension
W = W(x) if x € [07 1]7
" _{ (x+1Dw(—x) if xe[-1,0]. (2.102)

Inequality (2.99) applies to w with v = 1/2—1/g and r =2 < g < oo, since w € H'[—1,1] and
w(—1) =0. We have
”W”Lq 1,11 = < 2a||WX||L2 1,1] ||W||Lz[ 11 - (2.103)

We have the following relationship between the norms of w and w.

||W||L4[0,1] < ”W”LLI[—Ll]a (2.104)
1 0
11722, =/0 w? (x) dx-l-/l\(x+1)w(—x)\2dx§2||w||2 (2.105)
and
||WX||%2[_1,1] = / dx—l—/ —(x+1)wy(— )|2dx

< w2 [ (=P + <x+1)2||wx(—x)||2)dx

<l +2 (Il + el )
= 3lwellF 2w (2.106)
Combining inequalities (2.103)—(2.106) we obtain

2 2 2\ = 22
Wlago,y < 22 (3lwell®+2wll?) 2!~ wl? >
S 2l+20c||W||2+2l—|—063(x”WXHZOCHWHZ—Z(X (2107)
and
2 2 % l—a 1—
Illzagoy < 2% (3lwell®+20lwl?) * 25 '
< 2% (3% (w4 23 wl|) 2 )]
= 2% || +236% [Jwe]|%Jw]]' (2.108)
]
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3 A Numerical Example

In this section we compare three controllers through a numerical example: controller (2.3)—(2.5),
controller (2.6)—(2.8) and controller (2.9)—(2.11). A comparison is also made relative to the uncon-
trolled system consisting of the KdVB equation (2.1) and the boundary conditions

w(0,t) = 0, 3.1
we(Lr) = wy(1), (3.2)
wa (1,1) = wj(1). (3.3)

The existence of a solution of the uncontrolled system is obvious, at least on a finite time interval.
It can be proven for example using Galerkin’s method. Note that boundary conditions (2.3)—(2.5)
also stabilize the KdVB equation, as it was already reported in [15].

As a consequence of the third derivative in x and first derivative in z, it is necessary to use very
small time steps (=~ 10™7) in order to balance the very small number in the denominator resulting
from the cube of the spatial step. We are able to compensate in a certain extent the very small time
steps by rescaling the equation, i.e. compressing the time domain. We consider, from the above
reason, the scaled equation

u; — €ty + 8 Uy + pun, =0, xe€l0,1], >0, (3.4)
with some initial data

u(x,0) =ugp(x), up (0) =0, (3.5)

and in the controlled case with boundary condition
u(0,¢) = 0, (3.6)

p 1,
ue(l,r) = Y (c+ oo (1,t)> u(l,er), 3.7)
P2 1, ’

U (1,8) = 7 <c+ oot (1,t)) u(l,t), (3.8)

where €/, &, ¢ and p are positive constants. The transformation u (x,¢) = w (x, pt) shows the equiv-
alence of system (2.1), (2.2), (2.9), (2.10), (2.11) to (3.4)—(3.8) withe =¢'/p and 6 = &'/ p.

Our numerical simulation is based on a fully discrete, implicit scheme of second order accuracy,
using three time level quadratic approximation in time and central difference scheme in space,
which is derived using the finite volume method (see, e.g. [11]). In accordance with the finite
volume method we consider equation (3.4) integrated with respect to x over a small interval (which
is called control volume, usually denoted by [w, ¢] and whose center is a grid point). We obtain

e e
/ utdx—Sth\fv-l-ﬁ'uxx\fv—l—p/ wiydx = 0. (3.9)
w w

In an implicit scheme an important goal is to keep most of the expressions at the highest time level.
Keeping this in mind, the last (quadratic) term of (3.9) is linearized in the following way:

o= e
uuxx—zu

w

e

) (3.10)

w

c
= -u
w 2

n+1 u"

16



t-axis

t-axis

X-axis

(b) Second Derivative Controlled (Quadratic)

X-axis

(a) Uncontrolled System

t-axis

0

t-axis

X-axis

X-axis

(¢) Second Derivative Controlled (Cubic)

(d) Two Derivatives Controlled

Figure 1: Comparison of Solutions
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Figure 2: Comparison of Norms. - -- Uncontrolled, 0ooo Controlled Second Derivative (Quadratic),
- - - Controlled Second Derivative (Cubic), —Two Derivatives Controlled

where the superscript n + 1 denotes the highest time level. Using the notation Ur =

(u’f, us, ..., ul’{,)T = (u(ty,x1) u(tn,x2),..., u(tn,xN))T and the aforementioned discretization and
linearization, (3.9) gives us the following difference equation on a uniform grid:
R e S B Y B
k h 2h?
+§ () (g + ) — % (P ) (W +ul ) =0 (3.11)

where n =2,3,...,i=2,3,...,N — 2. We use the notation k for the increment in time and 4 for the
space mesh size. Equation (3.11) provides us a linear system with a sparse, band state matrix. Two
initial vectors are required to start our three time level scheme: U' and U2. The first vector U!
is the initial function u (x) itself, and U was obtained from this vector using the one step Euler
method.

At the boundaries x = 0 and x = 1 we use half control volumes. The boundary conditions at
x = 1 provide a straightforward modification in the linear system after the linearization

L = gt (3.12)
Wi = gt (3.13)
where
1
g = -2 <c+9c(”)2), (3.14)
2 2
_ D 1 2
f= Dy (ergom2) 615)

At the boundary x = 0, in order to obtain the necessary value outside the interval [0, 1], we use
extrapolation based on the equation (3.4) reduced to the ODE

—€' U+ U = 0. (3.16)
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We omit the details of these simple calculations. The boundary conditions of the uncontrolled
system and system (2.1)—(2.8) are handled similarly. The resulting sparse linear system is solved
using the preconditioned BiConjugate Gradient Stabilized method implemented in a C++ templated
library ([2, 10]). The computation was performed on a 300MHz, 130Mb memory Sun SPARC
Workstation and, due to the small time step, it required several hours to reach one time unit with
the numerical solution. Later these computations were repeated on a Silicon Graphics Workstation
having two 250MHz MIPS R10000(IP30) CPUs and 384Mb main memory.
As an example, we consider the (KdVB) equation (3.4) with parameters €' = 1, &' = 10, p = 100
and with initial function
uo (x) = 20x° (x — 1.001) . (3.17)

The time step we use is k = 10™° with final time 7 = 1072, and spatial step 7 = 5 x 1073, The
scaling p = 100 corresponds to an unscaled Korteweg—de Vries—Burgers system with parameters
€=0.01,8=0.1 on a time interval [0, 1]. In the controlled case the control gain was ¢ = 0.1. As we
can see in Figure 1, the uncontrolled solution seems to converge to a nontrivial stationary solution.
While all three controlled systems converge to zero (parts (b), (¢) and (d) of Figure 1), cases (b) and
(c), when the first derivate is kept at zero at x = 1 and only the second derivative is controlled by
feedback, show poor convergence relative to our controller (3.7)—(3.8). In fact, Figure 2 shows that
the differences between the rates of convergence are significant both in the L?and in the H' sense.
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