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Abstract

An initial-boundary-value problem is considered for the spatially two-dimensional damped Boussinesq equation with a forcing
term. The problem in question is argued to serve as a model for describing small nonlinear oscillations of a circular membrane
under the influence of acoustic pressure. Eigenfunction expansion method is used for constructing the global-in-time solution of the
problem in question. Existence and uniqueness follow from the construction. Long-time asymptotics is computed on the basis of
the obtained series representation. Numerical simulations are conducted. The algorithm shows excellent convergence properties.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The present work is concerned with the problem of response of an elastic membrane to an incident acoustic wave.
This issue appears in the context of studying acoustic detection via registering vibrations of thin elastic structures
[10,24]. In particular, the necessity of creation of passive sensor technologies determines the importance of the study of
oscillations of elastic membranes under the influence of acoustic fields. Unattended acoustic ground sensors can have
as their basic element a membrane with fixed ends (clamped, simply supported or even nonlinearly damped). Circular
geometry considered in the present paper is not the only option. Indeed, geometric optimization (shape or form finding)
can be another branch of research in this area [10]. However, the present study is restricted to response analysis for a
fixed geometric configuration, namely, for a circular membrane with a simply supported boundary.

The so called “good” Boussinesq equation is well known in the context of governing small nonlinear oscillations of
elastic beams. This equation can be written in the form (see [8,35])

Upp = —OUxxxx + Uxx + ﬁ(uz)xxs (1.1)

where o = const > 0 is the dispersion parameter depending on the compression and rigidity characteristics of the
material, § = const € R is the constant coefficient controlling nonlinearity (it can be set equal to one by appropriate
scaling, but it is convenient to keep it in order to trace the influence of nonlinearity) and u (x, t) is the vertical deflection.
The quadratic nonlinearity appearing in (1.1) accounts for the curvature of the bending beam. Eq. (1.1) with « <0 is
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known as the “bad” Boussinesq equation since it possesses linear instability. It describes the propagation of long surface
waves on shallow water.
The one-dimensional in space Boussinesq equation and its generalization

Upp = —Olyxyx + Uy + (f (1)) xx (1.2)

have been the subject of many papers (see [4,7,9,17,19,20,22,23,27] and the references therein). An overview of these
results can be found in [31].
A two-dimensional “bad” Boussinesq equation

Ut = Uxxxx + Uxx + Uyy + 3(M2)xx (1.3)

was introduced in [11] to describe the propagation of gravity waves on the surface of water, in particular the head-on
collision of oblique waves. In this model the main wave propagation takes place in the x-direction with weak transverse
effects in the y-direction (like the Kadomtsev—Petviashvili equation KPII, see [13]).

More recently, there appeared some results on the forced Boussinesq equation in one and two space dimensions. An
initial-value problem for the “bad” Boussinesq equation with a potential,

gy = 34%u + Au — 12(V(x) * A(u|*u)), x R, t>0,

was considered in the paper [1]. For small initial data, 4 > 8 and sufficiently smooth potential V (x) it was shown that
there exists a global solution satisfying the decay estimate [|u(-, #)||1,, <c(1 + 7.
A generalized forced “good” Boussinesq equation in one space dimension

Upp = —OUyxyx + Uxx + (F @) xx +h(x, 1) (1.4)

with =1 was considered in [12]. Existence of periodic traveling wave solutions of the form u = ¢ (&), where E=x —ct,
was established via analyzing the corresponding integral equation and applying the fixed point theorem.

In many practical situations damping effects are comparable in strength to nonlinear and dispersive ones and in
such cases (1.1) requires a dissipative term [3]. A convenient item responsible for internal friction and related to heat
generation (see, e.g., [8]), is —2bu, ., where b = const > 0. After adding it to the left-hand side of (1.1) the equation
becomes

Uy — 2bUyxx = —Olyyxx + Uy + ﬁ(“z)xx- (1.5)

Pego and Weinstein [23] studied the behavior of solitary waves described by (1.5) with a more general nonlinearity
(f (u))yx- As regards viscosity, another possibility may be to replace the second term in the left-hand side of (1.5) by
+2buyyxxt (see [8]) corresponding to stronger friction. We will restrict ourselves to weaker damping keeping in mind
that the case of stronger friction is sufficiently easier for the current analysis.

A two-dimensional analog of (1.5) (sometimes called a damped plate equation [14,15]) is

Uy — 2bAu, = —oA*u + Au + /M(uz), (1.6)

where o, b =const >0, 4 = 6)% + 6%, A% = AA and u(x, v, t) is the vertical deflection of a membrane. It appears in the
context of modeling small nonlinear oscillations of elastic membranes. A “uniform” nature of this equation contrasts
with that of its “asymmetric” counterpart (1.3) from the theory of water waves. An initial-boundary-value problem
for (1.6) in a unit disc 2 with homogeneous boundary conditions and small initial data was considered in [31], and
the global-in-time mild solutions were constructed in the Sobolev space H®(2) with s < 1. A general description of
the method applied and an overview of various problems that can be dealt with can be found in the paper [30]. In
particular, the papers [28,31,30] dealt with the homogeneous equation (1.6) in bounded domains in one and several
space dimensions, while in [29] this approach was used for solving a nonlocal equation, namely a fractional Laplacian
semi-linear heat equation. The first part of the method resembles the classical method of separation of variables.
However, the necessity to solve nonlinear integral equations brings new ideas into consideration and emphasizes the
difference from Galerkin’s method (see [22] for comparison). Indeed, the latter one is based on projection onto the
finite-dimensional space of eigenvectors and allows one to prove existence, uniqueness and regularity of solutions. Our
method utilizes projection onto an infinite-dimensional space of eigenvectors with the subsequent detailed analysis of
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decay of the coefficients of the corresponding series. These coefficients are defined via integral equations. The main
emphasis falls on construction of solutions while existence and uniqueness simply follow from it. Another point of
interest is that the long-time asymptotic expansion can be obtained from the representation in question.

One of the main issues addressed in the present investigation is the question of regularity. In the earlier paper [31]
rather complicated requirements were imposed on the initial data (no source term was present in the equation). They
involved total bounded variation with respect to the radial coordinate r and absolute integrability in the angle 6. All
this secured convergence of the eigenfunction series representing the solution in H®(Q) with s < 1. Below we shall
assume only that the source term belongs to L, (£2) with respect to (r, 0) and prove that the constructed mild solutions
belong to H*(Q), s < % To this end we shall employ a new special function introduced in [32], namely, a convolution
of Rayleigh functions with respect to the Bessel index.

For a given Bessel function J,, (x) Rayleigh functions are defined by the formula (see, e.g., [33, p. 502]; and the
references in [32])

o0

am=>" 5,

n=1 mn

where A, is the zero of the Bessel function and n is the number of zero. Rayleigh functions have been used in
studying classical problems of vibrating drumheads, heat conduction in cylinders, normal modes in resonant cavities
and Fraunhofer diffraction through circular apertures. The convolution in question can be written as

o0

1 1
Rmy= Y oim—koaky= > =, (1.7)
=—00 p.k€liqs>1; P4 ks
p+k=m

where p, k, m € Z are the indices of angular eigenfunctions. Function (1.7) appears as a result of treating quadratic
nonlinearities in semi-linear evolution equations in circular domains and using the series of eigenfunctions of the
Laplace operator in a disc. This special function is responsible for the smoothness transfer due to periodicity in the
angular coordinate 6. Its convolution structure is a consequence of the orthogonality of the angular eigenfunctions
{etm? I - However, we must point out that the combined influence of the nonlinearity and the circular geometry
does not allow to reach strong solutions.

In contrast to the situation with the nonhomogeneous Korteweg—de Vries equation (see [5,6] and the references
therein), the theory of the forced Boussinesq equation is much less developed. In the present work the approach
proposed in [28-31] is extended to investigation of the nonhomogeneous equation (1.4) in two space dimensions and
with f(u) = u?. Studying nonhomogeneous initial conditions would not be a problem but would make our formulas
somewhat unwieldy (it can be done along the lines of [31] with improvements offered in the current work). For a special
choice of the source term f(r, 0, 1) = F(r, 0) cos(wt)e™ with small x > 0, the long-time asymptotics of the solution
are computed. On one hand, this forcing corresponds to a rather typical situation when a membrane is excited by an
incident acoustic field slowly decaying in time due to absorption. On the other hand, it provides a convenient example
of separation of variables and makes the interpretation easier.

In the current paper we test the method in question numerically for the first time. Simulations are performed for
several forcing terms and the effectiveness of the proposed algorithm is studied. An important feature of our approach
consists in providing an explicit convergence rate for the nonlinear problem.

The paper is organized as follows. In Section 2 the main initial-boundary-value problem is posed, notations are
introduced and the function spaces are defined. Some properties of eigenfunctions of the Laplace operator in a disc
are presented. Section 3 is devoted to the proof of global-in-time existence and uniqueness for the problem in question
and to the construction of solutions (Theorem 1). Auxiliary statements concerning representation and estimates of the
eigenfunction expansion coefficients are collected in Lemmas 1-5 and are given in the same section. Lemma 4 provides
a closed form representation of the special function R(m). Lemma 5 with x = 0 is used for proving convergence of
the eigenfunction series. The same lemma with k > 0 is used for computing the asymptotics. Calculating the long-time
asymptotics for the special choice of the source term forms the contents of Section 4 (Theorem 3). Results of numerical
simulations are presented in Section 5.
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2. Problem statement and preliminaries

Denote by Q a disk of a unit radius and put the origin of the coordinate system in its center, so that in polar coordinates
Q={(r,0):r<1,0 € [—mn, n]}. Let 0Q denote its boundary, i.e. 0Q2 = {(r, ) : r =1, 6 € [—=, w]}. Our purpose is to
consider the following initial-boundary-value problem for the real function u:

Uy — 2bAu, = —oAu + Au + ﬂA(uz) +af, (r0)eQ, t>0,

u(r,0,0) =u,(r,0,0)=0, (r,0) € Q,

ulpo =Aulpo =0, t>0,

u(r,0+2n,t) =u(r,0,t), (,0) e, t>0,

lu(0, 0, 1)| < oo, (2.1)

where o, b, a = const > 0, f = const € R and f = f(r, 0, t) is a real function. Parameter a controls the forcing term
and must be bounded in order to guarantee convergence of a certain series. It constitutes a natural assumption since
large forcing terms can cause a blow up. In other words, acoustic pressure is not supposed to be large in the framework
of the current model. The above boundary conditions correspond to a simply supported boundary (see [2,16]).

We restrict our attention to considering the relation o > b> which corresponds to small damping. It is the most
interesting case from both mathematical and physical points of view and corresponds to the existence of an infinite
number of damped oscillations. If the inverse relation holds (the so called overdamping case), aperiodic processes play
the main role.

According to the method proposed in [29-31], we seek solutions of the problem (2.1) in the form of a series

w(r, 0.6) =" fiun(t) Ly (1. 0). 2.2)

Here and in the sequel the notation ), ,, is used for the double sum Y>> >"°° | and y,,, (r, 0) are the eigenfunctions
of the Laplace operator in a disc, namely nontrivial solutions of the problem

Ay=—-Ay, (r,0) €,

Aoe =0,

x(r, 04 2m) = y(r, 0), (r,0) € Q,

1200, 0)] < 00 (2.3)
corresponding to the eigenvalues

Amn - )"}%‘lﬂ'
They are

Lo (7 0) = Ty Gopnr)e™, m € Z, n €N, (2.4)

where J,,(x) are Bessel functions of index m and 4,,, are their positive zeros numbered in the order of increasing
magnitudes (n = 1, 2, ..., is the number of the zero). The appearance of double indices reflects the influence of the
angular eigenfunctions on their radial counterparts. In this way we satisfy the boundary and periodicity conditions in
(2.1). Note that the following property holds for m € N:

J-m(2) = (=1)" I (2). (2.5)

Introduce the real space L, (0, 1) equipped with the inner product (-, -) and the corresponding norm || - ||. We also
need the complex space L, (£2) endowed with the inner product (-, -) and the norm || - ||o. Then, according to [26], the
following relations hold:

12 I3 = 2721 T G ) 12,

1
P D) 1 b
1 G )2 = /O 3 G A7 = 5 32 G
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For sufficiently large g > 0 there exist such positive constants %; and %> that (see [26])
% %>
— <mlg)IP<—. (2.6)
q q
In the sequel we shall need asymptotic expansions of the zeros of the Bessel functions J,,(z), m >0. For m <n

large positive zeros of J,(z) have the following asymptotic expansion uniform in m (McMahon’s expansion, see
[21, p. 247]):

1
)Lmnzvmn'i‘O( >’
Umn

where

1
Umn = <m +2n — 5) g for n — +o0. 2.7

Since representation of the special function (1.7) involves the y/-function, we would like to recall the definition of the
latter and a couple of its properties. The function y/(z) is defined as a logarithmic derivative of the I'-function, namely
forz € C

I'(2)
Y(z) = :
I'(z)
Itis analytic in the whole complex plane excluding the points z=0, —1, —2, ..., where it has simple poles. For integers

m 2> 1 the following formula holds:
1
1 = -,
y(m+1) 4+ kE_l X

where y = 0.577215 . .. is the Euler constant. For m = 0 the relation is (1) + 7y = 0.
The derivative of /(z) is defined by the series

o]

) 1
V=) I

k=0

Therefore, it is easy to see that

o0
1 n?

‘///(1)=Z m=g (2.8)

k=0
We shall also use Sobolev spaces W () = H* (L), s € R, equipped with the norm (see [18])

2 2 25\ o~ 2 2
17 sy = IF N2 =D 2| Z mn* 1 15

m,n
where 7 mn are the complex Fourier—Bessel coefficients of the function .#, namely
eé;mn — <3E’ an) )
1 Zmn 15

Note that [33] Ay, >0 forallm € Z,n € N.

Let Hy (€2), s >0, be the completion of the space C§°(£2) endowed with the inner product (-, -); and the corresponding
norm || - ||s. For the case s =0 the subindex will be omitted in the notation of the inner product, i.e. we shall write simply
(-, ). By Lax’s theorem [34], the dual space H; Q) = H; " (Q), s >0, of the space Hj(£) can be identified with the

completion of the space H(()) () with respect to the negative norm || - || _s. We shall also need the space C;,(R™, H*(Q))
equipped with the norm

llullc,®+, Hs (@) = sup luC, 1)lls.
120
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3. Main results

Integration of Eq. (2.1) with respect to ¢ leads to a nonlinear integral equation which serves for the definition of a
mild solution of problem (2.1). Denote by A the operator —4 defined on sufficiently smooth functions y(r, 0) satisfying
the Dirichlet and periodicity conditions (2.3) and let

o(A) = (uA® + A2 where p=o —b*>0.

Definition. A function u(r) is called a mild solution of the problem (2.1) if it satisfies the integral equation

t
u(t) = a/ exp[—b(t — )Al(6(A)) " sin(a(A) (1 — 7)) f(t)dr
0
t
— /3/ exp[—b(r — 1) Al(6(A)) " sin(a(A)(r — 1)) Au’ (1) dt
0

in the Banach space Cj,(R, HJ(Q)).
Our main result is the following theorem.

Theorem 1. If o> b2, f € C,(RT, Lr(Q)), and a < (coCs)~ Y, where co and Cy. are the constants defined by (3.12),
then there exists a mild solution u € Cp,(RT, Hi(Q)) with s < % of the problem (2.1). For —1 <s < % this solution is
unique. It can be represented in the form of a series

w(r, 0.0) =" iin(t) o G )™, 3.1

m,n

where the coefficients i, (t) are defined by (3.17), (3.7) and (3.8) and convergence is understood in the sense of H* (Q).
The proof of the theorem is approached through a series of lemmas.

Lemma 1. [f 7 € L,(Q), then

”9:”0\/ )vmn
216

where €1 is the constant from the estimate (2.6).

| ] < (3.2)

Proof. Fourier—Bessel coefficients of the function .# are defined as

&

/ F(r, 0) Iy onr)e ™0 A0, m >0, n>1. (3.3)
Q

mn —
1 13

Since # € L,(£2), by the Cauchy—Schwartz inequality,

‘ 12 12 ¢
‘ / f(r,ewmumnne‘m(’dg‘g(/ |f|2d9) (/ |Jm(zmnr>|2d9) <171 (3.4)
Q Q Q

Amn

It is now easy to find the bound of (3.3) with the help of (3.4) and (2.6). Thus (3.2) is established. []

The analysis to follow is essentially based on the expansion of the nonlinearity u? into the eigenfunction series. This
involves the use of the coefficients

<qu ks Xmn) _ fol Jm(/lmnr)-]p(/lpqr)]l(;ler)r dr

- (3.5)
1 13 1 T G ) 12

b(m,n; p,q,k,s)=
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Lemma 2. The following inequality holds for allm, p,k € Z andn, k,s € N

/lmn
|b(m,n; p,q,k,s)|<C_ |- ,
/qu)»ks

where the constant C is independent of m, n, p, q, k and s.

Proof. See [31]. O

The next statement provides subtle estimates of the aforementioned coefficients and will be needed for proving
uniqueness of solutions.

Lemma 3. For any fixed integers n > 1, any integers m, p, k>0; q,s > 1 and )bpq, Aks — 00 there exists a constant C
independent of m, n, p, q, k, s such that the following inequalities hold:

— —-1/2
W20 2 g > s
(b(m, 15 p, . ke S CV o § Jpd 22302 dipg < s,
D Apq = Jks.

Proof. Since the Bessel functions involved possess property (2.5), consideration of only nonnegative indices m, p, k
does not represent a loss of generality. Therefore the proof is a slight modification of that of Lemma 4.4 of [30] which

dealt with the estimate of the integral ]01 In Gt p (Apgr) i Gsr)/rdr. O

Lemma 4. The function R(m) has the following representation for m € Z. U {0}:

1 (/7%
R(0)=R<?_l)’

8(lm| +2) [ m]
Proof. See [32]. O

1i| for m € Z.

Corollary 2. The following asymptotics holds for |m| — oo:

In|m| 2y—1 In |m]| 1
R(m) ~ + - + O | . (3.6)

4{m| 8m|  4lm|? m|?

Remark 1. Consider an extension of R(m) to the set R\{0}, i.e., the function R(x) defined by the formula

P+ Y (xl+ 1) _1]

x|

R(x) [2(IXI +1)

T 8(x[+2)
Application of I'Hospital’s rule and the formula (2.8) allows one to conclude that this function has a removable singularity
at the point x = 0. Therefore it can be identified with a continuous function on R. Also, R(x) < R(0) for x € R, where
R(0) = 0.1429 (see [32]).

Set
, .
N P — ~
D (1) = f e~ t—n SO =DV 0y g 3.7)
0 mn
22!
3N (1) = —_ﬂa mn /0 e~ bnt=0) sin[a,, (t — 110N (D(x))dt for N> 1, (3.8)
mn
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where

Omn = )»mnﬂ ,U)»%nn + 1

oM (b)) = Z b(m,n; p,q,k, S)Z o D(t)f)(N D)

p.q.k,s j=1

and the following notation has been used

Z "= Z : (3.9)

p.q.k.s pkeZiq.s>1;
pt+k=m

Lemma 5. Assume that form € Z,n>1

|fmn(t)| < fie /lmne_m,

where fy, Kk = const,and 0 <2k < b)% Then the functions v v )(t) withm € Z,n>1, t > 0 satisfy the inequalities

—Kt

QO] < o777 e (3.10)
mn
CNCN+1 e~ 2kt
[0\ (¢ )|\W P R(m) for N2>1, (3.11)
where
e B 2m%|B|

_ . C= . (3.12)
b1 — /(iG] 3. /ub[1 —2k/(big))]

and the function R(m) is defined by (1.7).

Proof. Substituting the estimate |§" mn (O KT o/ dne ™™ into (3.7) yields for N =0

2 ! 2
|U(O) (t)| geg;*\/ /lmne_b;'mn’ f e(b;‘mn_K)T

0
F o (efkt b/l,mn ) coe”‘t

S u[l—K/(bxlm)]\ a2

Sin(G, (t — 1))

Omn

Here we have used the fact that x/ b)mn =K/ bxlm > 0, according to the hypothesis.
Next, we use the induction on the number N. For N = 1 applying Lemma 1 we can write the following chain of
inequalities

. Bz [ (O
101 (1) < D=0 5™ b, n; p, g, k. )10 @118 (0] de
mn 0

p.q.k,s

y—y) 1
< |ﬁ| mn mn Imn(t)c% Z *

72 .2
b2\/ ,Lt)ug,m +1 p.q.k,s /1 /lkY
|ﬁ| 72m
JEbIL =26/ (5] Il

5 —2Kt
< Coc*R(n’l)T/z
/Lmn

<c§CiR(m)
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Here we have used the estimate
—2kt _ q—bimt

ot e 2Kt

€

2 I s
| (t) = e_b)‘mnt f e(b/‘mn_2K)T dfg .
mn 0 big, — 2K M}nnu — 21/ (b23))]
Assume now that the inequalities (3.11) hold for all Argrgl () with 1 <I< N — 1 and prove that they are true for / =
Note that for I <j <N

1 o 2 [ 1 n 1 ]
PN+A1=) T N+D? L2 (N+1= 2]
Consequently, we can get an upper bound uniform in N

N

Z 1 Z[ 1 }< 4 ii_ 272
AN+ ) (N+1)2 PN+ 1=)2] TN+ D2 3+ DY

1

Therefore,

Amn N A i 1 1 x 1
(N)(t) < |ﬁ| mn mn Lo (1) N j j N+1—j |:_ + :|
| Umn | mn (N + 1)2 Z o i2 _ ])2 Z

2 a
/ann +1 J (N+1 g ks /1 Akg
N+1 N+1
CN ( ) —2hl< CNC R( ) —2hl
TN+ 1)2 (N +1)?

The proof is complete. [

Remark 2. We would like to emphasize the fact that the constants C, and cp are independent of the iteration number
N which is essential for the proof to follow.

Now we can prove Theorem 1.

Proof of Theorem 1. (i) Existence and construction of solutions: Our main idea consists in expanding the nonlinearity
u? into the eigenfunction series and deducing the estimates of its coefficients. We can write that

u2 = Z L’l\zmn(t)an(ra 9)7

m,n
where
- W), Yonn)
Uy (1) = ———"50=
”an”()
1 N A
2 <Z”pq(f)}qu : Z”ks(t);{ksv an>
”)Cmn”() P.q k,s
* A A
= Y bOm,n;p,q, k, $)ikpg ()igs (1), (3.13)
p.q.k,s

the sum with an asterisk is defined by (3.9) and the coefficients b(m, n; p, q, k, s) are defined by (3.5). Here we have
used the simple orthogonality relation

/n ei(p+k—m) do = {27‘[, P + k= n,
o 0, p+k#m.

We expand the source term into the eigenfunction series

£ 0,0 =" frun () (. 0), (3.14)
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where the coefficients fmn(t) are defined by the (3.3)-type formula, and substitute (2.2), (3.14) and (3.13) into (2.1).
Then we obtain the following initial-value problem for the coefficients i, (t) withm € Z,n € N

A// (t) + 2b}*mn mn(t) + (Oan + )mn)umn(t) = _ﬁ/bmnu mn (1) + afmn(t) t>0,
umn(O) =l (0) = 0. (3.15)

Integrating (3.15) with respect to # we deduce the nonlinear integral equation

4 2 .
o (1) = / & P50 (G (1 — 1)) foun (2) dt
mn JO
J2 ot -
o / & VA=) Sin (G (1 — )i (1) i, (3.16)
Omn JO
where

Omn = )»mm/u)»fm 4+1 and pu=o-— b*> > 0.

For solving (3.16) we employ the perturbation theory. We seek its solution in the form
o
fin (1) =Y a" TN (0). (3.17)
N_

Substituting (3.17) into Eq. (3.16) we obtain the recursion formulas (3.7) and (3.8) for the coefﬁcwnts vmn) (t). In order

to guarantee the absolute and uniform convergence of the series (3.17) we choose a < (cp C,)~!, where ¢ and C, are

the constants defined by (3.12). Thus, the solution in question is constructed in the form (2.2), (3.17), (3.7) and (3.8).
Next, we establish that the above constructed solution belongs to the required function space. By Lemma 1,

V21€ 1

and %1 is the constant from the inequality (2.6). Applying Lemma 5 with k = 0, we deduce that form € Z,n>1,t >0
and N>1

|fmn(t)|<f*v lmn s where f*:

N N+1
|U(N)( < C—R(m)
(N+12 4 3/2
Consequently,
i (1) < CR(m) A2 (3.18)

Recalling the definition of the norm in H*(£2) (2.6) and (2.7) we can write that

e 0)3 —ZA [ (1 1 15 (3.19)

For proving the convergence of this series we consider its remainder

> Z Do [T O 1 2 15 (3.20)

m=Mqy n=Ny

where the constants My and Ny are sufficiently large, take into account the estimates (2.6), (2.7) and compare (3.20)
with the integral

/°° lnzm/“’ dn 321)
Mo m2 No (m 4 2n)4—25' .

Convergence of the i 1nner integral provides the restriction s < . Consequently, series (3.19) converges uniformly with
respect to 1 >0 for s < 3 2. Therefore, u(t) € Hg(Q) for all ¢ >0 andu € Cp(RT, Hs(Q)) fors < 3 2.
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(ii) Uniqueness: Assume that there exist two mild solutions uD and u@ from the space Cp(R™, Hi(Q)) withs < %

Then each of them can be expanded into the series (3.1), where the coefficients u 5,} ,)1 and u ,(3 ,), satisfy the integral equation
(3.16) and have the estimate (3.18). Setting w = u" — u® we can expand it into the series of the type of (2.2) and get

w=Y" Wyun (1) L (7, 0),
m,n
where
. Biow (' —622 (-1) Ty Ry
Wiy (1) = _G_ ) e sin(opn (t — 1)) (Lt( ) mn(T) — (u®) mn (D) | dT.
mn

Here

—_— —_— * N n N n
WO (0) = @2 )= 3 "bom, iz p. g ko 5) [0 O (1) + 1 (D) 1) ]
p.q.k.s

| r v x sy

p.q.k,s:p+k=m p.q.k,s:p+k=m p.q.k,s:p+k=m

)qu > Aks )ul,q <;Lks qu=}vkj
~ ~ ~ ~(2
X b, n: p. gk, ) [0 ik (1) + 1y D ()]
=851+ 8+ 8;3.

Choosing any J > 0 and applying Lemma 3 and (2.6) we can write the following chain of inequalities for the sum S|

~(1) .
[t pg ()] |Wis (1)
S1<CV mn E WT
‘rq

p.q.k,s:p+k=m ks
Apg>ris
1+6)/21 ;M) A P
T q lupg (O] wks ()[4
< C )vmn Z P4q . ks

32,0 72 (1102
Pq.k,s:p+k=m ;qu lks ks q( )
qu>ﬂk5

Using Cauchy—Schwartz inequality we get

~(1 A~ 4
<OV g O Rlab) ()] ik (014,
I~ -mn 3/2 P ’ 21/2 (1+46)/2
q.k,s: )'m—k,q/bks /Lks q ‘
;L[)q>)~ks'
5 2, 1/2 172
q't 1 2p) A 2 2
< CVmn Z o 2 Z 15 Z )vkx|wks(t)| Nl ks I
q.k,s j‘m—k,qiks g=1 q k,s

<CVmllw®)]3.

It follows from (2.7) that the first series in ¢, k, s converges provided that p > — 1 4 ¢. Since J can be arbitrarily small
it implies that p > — 1. The sum S; can be estimated in a similar way. The sum S3 is even easier to estimate since the
condition 4, = A, implies that p =k and g = .

Thus, we deduce that

~ t p— 2 p— 2
|wmn(r>|2<czmn( / e bt f>||w<r)||pdr) :
0
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Multiplying both sides of the last inequality by if,ﬁ, 1% |?> and summing in m and n we deduce that for some 7 > 0,
tel0,T]and p <1

2
sup ||w<r>||,%<C¢<T)< sup ||w<r)||p>,
tel0,T] tel0,T]

where

; 2
2 —bi2 (t—
(1) =) :zm‘i,uxmnuz( f e bAmn (=D dr)
m,n 0
22 2
. /'sz . 2 1—e_b/“mnt
- mn”/{mn” 2 .
b2

m,n

The last series converges absolutely and uniformly with respect to # >0 for all p < % Consequently, @(¢) is a non-
decreasing continuous function on [0, 7'] and @(0) = 0. Therefore

2 2
( sup ||w(f)||p> SC(T)( sup ||w(f)||p> ;
1€10,7] 1€10,T}

where the constant C (7)) = C®(T) can be made less than one by the appropriate choice of T. This contradiction allows
to prove uniqueness for the interval [0, T'].

Next, we extend this result to # € R. Choosing the intervals [Tk, Tx+1], k=1, 2, ..., with Ty =k H for k — oo and
taking into account that
Tt 22 1 — e_b;“iznnH 2
/ e_b/“mnr dT — Te_bzmn Tk
Tk b/bmn

one can note that
2 2
sup  [lw@)|, ] <CP(H) sup  [lw®)llp
t€[T, Ti+1] te[Ti, Trs1]

with the condition C®(H) < 1 satisfied earlier. This contradiction allows one to establish uniqueness for all 7 >0 and
o< % and completes the proof of Theorem 1. [

4. Long-time asymptotics
In this section we provide an important example of computing long-time asymptotics of the solution in question for
a special choice of the forcing term, f(r, 0, 1) = F(r, 0) cos(wt)e™ . This term provides an example of separation of

variables and serves as a typical acoustic signal.

Theorem 3. If o > b2, f(r,0,1) = F(r, 0) cos(wt)e™, where F € Ly(Q), k, w = const >0, 0 <2k < bl%l and
a< (COC*)_I(see (3.12)), then the estimate holds fort >0 and s < %

lu(-, 1) = UG, 1)y <Ce M, (4.1)
where
U(}", ga t) = Z Umn (Z)Jm (/lmnr)eime,
m,n

Upn(t) = %e_m {[I:mn(t) - I;mn(t)]Sinia—mnt) - []:mn(t) - I;mn(t)]

mn mn

cos(ant) } P
mn-»
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g M T ) N2 —im0
Fon = i (;m,, )12 [ﬂ/ F(r, 0)Jyy (Qpnr)e™"r dr d0,
(1) = (b}mn K) cos[(amn + @)t] + (Gmn + ) sin[(an + w)t]
C " (b/l%’ln - K)z + (Omn + (JJ)Z ’
Ny b2k, — K) cos[(Tmn — O] + (Gmn — ©) SI[(Gpy — )1]
fema(t) = )2 2 2 )
| (bl — K)° + (Omn — )
It ) = (b)vrznn — K) sin[(Gpn + 0)t] — (o + @) cos[(Gmn + w)1]
o . (b/lﬁm - K)Z + (Umn + w)2 ’
Isjmn(t) = (b)mn K) Sin[(Gmn — )] — (Tmn — @) cOS[(Tun — @)1]

(22, — )2 + (Gn — )?

mn "~
and j= o — b* > 0. Here the constant C = C(a, b, p) is independent of t.

Proof. It is easy to see that the chosen source term satisfies the assumptions of Theorem 1. Therefore, the solution in
question can be represented in the form

u=U(r0,t)+W(,0,1),
where

U(r,0.t)=a Z 5 () s (72 0),

W(r, 0.6) =Y Winn (1) (. 0)

m,n

and

o0
Wi (1) = Z aV N (1),

N=1

The proof of Lemma 4 provides understanding of the structure of the perturbation series representing Fourier
coefficients of the solution i, (). Indeed, the coefficients a,(n,i (1) satisfy inequality (3.10) and the coefficients v(N) (1)
satisfy estimates (3.11). Consequently, the function U forms the major part of the long-time asymptotics and the function

R satisfies the estimate for s < %
W, lly<Ce™,

and forms its residual term Here the constant C is independent of 7, 0 and 7.
It remains to compute v (t) According to (3.7), they are

t
A(O) a1 = E e*b)2 [M / o= )T c0s(Gnt) cos(wt) dT

cos t 2
_ co8(Tmnt) e(bflmn*’c)f $in(o,, 1) cos(wt) df] . (4-2)
Omn 0
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Note that here b2, — k>bJ3, — 1 > 0. Taking into account two simple results

e4'[A cos(Bt) + Bsin(Br)] — A
A? + B2 ’

eA'[Asin(Bt) — B cos(Bt)] + B
AZ 4+ B2 ’

t
I.(t) = / eA7 cos(Bt) dr =
0

1
I(t) = / eAsin(Br)dt =
0
computing the integrals in (4.2) and leaving the terms of order O (e™"") we deduce (4.1). The proof is complete. [

Remark 3. We have used the assumption 0 < 2k < b22; to establish some “order” with respect to decay rates of the
. 2 . . )
source term and the exponentials e~ b%mnt ,m € Z,n € N. If another “ordering” relation holds, e.g., 0 <k < bA%l <

2K < b}“%l’ then it follows from the proof of Lemma 4 that the asymptotic estimate is

2
lu(- 1) = UG, D)lly <Ce P,
In a similar way it is possible to deal with other relations between x and 4, .

Remark 4. The next terms of the long-time asymptotic expansion can be calculated on the basis of the major term if
one uses the recursion relations (3.7), (3.8).

5. Numerical simulations

In this section we use the eigenfunction method of Section 3 for numerical simulations. In fact we use a straightforward
numerical adaptation of this approach. In our future work we will optimize the numerical method for speed and accuracy.
It will also be the topic of future research to compare the convergence properties of the algorithm in question with
those of other numerical methods. However, we would like to emphasize already here that a unique property of the
eigenfunction method (compared to others) is that (3.1) along with (3.18), (3.19), (3.21), and (2.7) provides us with a
better understanding of the convergence rate of approximations for the nonlinear problem (2.1). Namely,

In®m 1
2 2 125s—4
LOIFSCY R (m =0(> > :
”u( )”g ( )/“mn ( ~ 2 - ( 2n)423>

m,n

We used FORTRANO95 with IMSL and CERNLIB subroutines for numerical calculations, and MATLAB 6.5 for
visualization on a LINUX workstation with 2 x 2 GHz processors and 2 GB memory.

0

-05
a1

Fig. 1. Forcing functions at time ¢ = 0.
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i

X
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v Absolute Change Relative Change in Percentage
Au(t) = max lu; (5,06,1) - u;, (56,0 max lu; (5,0,1) - u;.y (6,0l
(,;e)eé i+1 Au(l‘) —100 (r,e)%ﬂ i i+1
max,.g)c o lu; (50,0l
% 107©
9
7r ﬂ 7t
6 6
5510 2 5t
(=1 4 n
3 3r
2 2r
! "MUHW LT
0 : : 0 : - :
0 0.5 1 1.5 2 0 0.5 1 1.5 2
time time
x 107
1.4 0.12
1.2
0.1r1
1
0.08
10 > 15 08 H
. 0.06
=2
=2 06
0.04
0.4
O 1 I I 0 v “ v: u un J Jl
0 0.5 1 1.5 0 0.5 1 1.5 2
time time

Fig. 2. Maximum change in the approximations as M R N and Ny are increased from 5 to 10 and from 10 to 15 (x = 0).

5.1. The numerical procedure

The numerical procedure, based on (3.1), (3.17), (3.7) and (3.8) consists of the following main steps:

1. Calculate the Fourier—Bessel coefficients of the forcing term using the formula

o) Jo SO F @ 0.0 T Gapr)e™ 07 dO dr

Fon (1) =

, 2
1 mn Nl

1 2
f() 0 " [n (7> 0)|2r dO dr

5.1

where m = —-M, ..., ]\7, andn =1,..., N for given M, N, € N. The integrations in polar coordinates require
discretization. We used simple Riemann sums in polar coordinates with constant dr and d0 mesh sizes.
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=
=
=

v Absolute Change Relative Change in Percentage
Au (1) = max lu; (50,1) - u;, (56,0 max,.g)c o 1 (50,0 - u (15,0l
(79)eQ Au () = 100 o]
< 10 max.gc o 14; (r6,1)
8 9
7t ﬂ 8 1
6 ﬂ ! ]
6 4
5 n
5 - -
5 —> 10 4 ]
(=1 al
3
3 -
2 st
1 STV
0 . 0 * : *
0 0.5 1 1.5 2 0 0.5 1 1.5 2
time time
x 107
14 ; ; ; 0.12
12 |
0.1
1
0.08 [
10> 15 0.8
. 0.06 [
=2
=2 46
0.04 [
0.4
Rnnnnn
AR LTI
0 0.5 1 1.5 2 0 0.5 1 1.5 2
time time

Fig. 3. Maximum change in the approximations as M, N and Ny are increased from 5 to 10 and from 10 to 15 (x = 1).

2. Calculate the nonlinear coefficients

b(m,n; p.q.k.s)= pg * ks Zonn?

12 1
_ fol Ozn Jp(Lpg?) Ik Gies) I Gomnt) €xp((p + k —m)0)r dO dr o
fol 027r |an (r, 0)|2r dodr .
where m = —1\7 M n=1, N While the total number of terms is ( M + 1)3 N3 due to o rthOgonahty

b(m,n; p,q,k,s) ;é 0 only if p + k m. This reduces the number of nonzero terms to (M + 1)°N3. N3. Further
reduction in storage can be achieved by using the symmetry of the terms.
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3. Calculate the perturbation series recursively

A(0> )(1) = / —bi, (1=7) men (1) dr, (5.3)
0 Omn
22 t
O (1) = P f e D=9 sin[G,,, (1 — 7]
Omn JO
l
* A(j—1 A(l—j
x Y bmon,pog.ks) Y iy @i (@ de (5.4)
p.q.k,s j=l1
forl=1,...,N,,t €[0,T], m=—]l71, el M and n= 1,..., N. This part is the most demanding computationally.

It requires the evaluation of convolution type integrals and four sums embedded in the integral. We used Simpson’s
method for approximation of the convolution with constant time step size dr.
4. Assemble approximation of the Fourier—Bessel coefficients

Nv
finn () % Y a1 OO (1) (5.5)

at all gridpoints 7. This part is trivial.
5. Assemble approximation of the solution

M N
u(r,0,1) ~ Z Z ﬁmn(t)-]m(/lmnr)eime (5.6)
m=0 n=1

at gridpoints 1, r, 0.

Certain values related to special functions can be calculated in advance. One of these quantities is the truncated set of

zeros for the Bessel functions: {)mn}m w—0,1- In order to approximate these zeros we used the CERNLIB subroutine
DBZEJY, which is based on an iterative method by Temme [25]. Another sequence of quantities consists of the squared
L,-norms of the eigenfunctions

1 M.N
U BVY o {2n /0 rf,mmnr)dr} N 5.7)

m,n=—
m,n=—M,1

which has the symmetry property ||, llo = 1y lo-

5.2. Discretization errors and convergence properties

A clear advantage of this method is that there is no modeling error involved. Errors are arising only in the discretization
steps and from the truncations of infinite series. Our approach has several of both. A distinctive property of the method
is that by working in the Fourier—Bessel space the spatial discretization appears only in the initial (5.1), (5.2), (5.7) and
final (5.6) phases of the algorithm. Also, there is no explicit numerical differentiation involved.The forcing term is the
spatially localized function

f(r, 0,1) =exp{— 50[4 r? — rcos(0)]} cos(10mt) exp(—xt) (5.8)

for 120, r € [0,1] and 6 € [0, 2x], depicted in Fig. 1 for the case k = 0. We also use the value ¥ = 1, in
which case the forcing term decays exponentially in time. The other values of parameters used in this section are
o=1, =1, and b = 0.9. We estimate the perturbation parameter a of Theorem 1 with the help of (3.12) in the
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Extreme values for k = 0 Extreme values for x = 1
x 10 x 104
4 : : max(u(r,0,t)) ' 4 ' ' '
3 - -
N max(u(r,0,t))
I r,0)eQ |
Ty *
1y o
1P 1 I 1\ A -~ i
| I L A Y ,
\ | Y TR LI N TN 1N P \ ’\ ~
0 N A Ny} N ~ ~ A S AR BN
-1
2 .
min(u(r,0,t))
(1,0)eQ
min(u(r,0,t)) 3T i
(r,0)e Q
4 . . 4 L i i
0 0.5 1 1.5 2 0 0.5 1 1.5 2
time time
Fig. 4. Extreme values for non-decaying (x = 0) and decaying (x = 1) forcing.
Shape of membrane (non—decaying forcing) Shape of membrane (decaying forcing)
t=0.87 t=0.87
x 10 x 107
3 <

following way:

1. For the case k =0
J
JEbLL = /(b))
3 27| Bl
C T3 /mbI1 — 2/ (b))

co =

a<1/(coCy) ~ 7.064 x 1071

Fig. 5. Membranes at time t = 0.87.

A 8.440 x 1072,

~ 1.677 x 10,
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Extreme values of the linear membrane Extreme values of the nonlinear membrane
0.5 T

Tmax(u(r,e,t)) '
L (0)eQ

- max(u(r,0,t)) :
L (1,0)eQ : : 05 F

-0.5 1

: min(u(r,e,ﬁ)) :

" min(u(r,6,t)) : R L 1. L
.0)eQ : (r,0)e Q

-0.5

0 1 2 3 4 0 1 2 3 4
time time

Fig. 6. Extreme values of linear and nonlinear membrane oscillations.

2. Forthe case k =1
e
co= 3
JEb[1 — 1/ (bIG)]
B 2721 B|
3 mbll — 25/ (b73))]
a<1/(coCy) ~3.514 x 1071

A~ 1.045 x 1071,

~ 2724 x 10",

Therefore we set a = 0.35 in this subsection.

For the spatial discretization we used Nr = Nth = 40 grid points both in the radial and the angular directions. In
the time discretization N1 = 200 time steps were taken of the size df = 1072, We demonstrate briefly the convergence
properties of the two partial sums (5.5) and (5.6) only. We doubled the number of zeros N, the number of Bessel
functions M and the number of terms in (5.5) N, from M = N = N, =5 to 10 and then we further increased these
values from 10 to 15. These numbers correspond to M N = 25, 100, and 225 number of terms in the finite sum (5.6).

Note that in the numerical application of Galerkin’s method (both of spectral and of finite element type) it is usual
to have a relatively low number of basis functions when one solves the second order nonlinear system of ODEs
(3.15). The main reason for this is the high computational cost of solving nonlinear systems of ODEs and the usually
good convergence property of Galerkin’s methods observed numerically. In our case the good convergence property is
established in the proof of Theorem 1. o

The obtained numerical solutions are denoted by u1, us, and u3 for M = N = N, =5, 10 and 15, respectively. The
results are summarized in Figs. 2 and 3 for the cases k = 0 and x = 1, respectively. In the second columns of these
figures we plot the maximum change between the two numerical approximations, i.e.,

Au(t) = max |u;(r,0,1) —ujp1(r,0,0)], 1€][0,2], i=1,2
r,0)eQ
In the third column of the figures we plot the relative change (in percentage) between the two numerical approximations,
i.e.,

ax (. gyeq lui(r, 0,1) —uiy1(r, 0, 1)
max 0)eQ lu; (r, 0, D]

m
Au(t) =100 ., tel0,2], i=1,2.
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Linear membrane ( = 0) Nonlinear membrane ( =10%)

t=0.35 t=0.35

TN
N\
] 'l",’r"‘“‘\\\\ 4

i
"
{%//,4,;

R
il

=S
=

-0.5

Fig. 7. Linear and nonlinear membrane oscillations, ¢ = 0.35, 0.7, 1.05.
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Linear membrane (§ = 0) Nonlinear membrane (B =10°)
t=1.4 =14

! L‘:“‘“‘llh. ! WS\

R

1

Fig. 8. Linear and nonlinear membrane oscillations, ¢t = 1.4, 1.75, 2.1.

1025



1026 V. Varlamov, A. Balogh / Nonlinear Analysis: Real World Applications 7 (2006) 1005—1028

Linear membrane (8 = 0) Nonlinear membrane (B = 10%)

t=2.45 t=2.45

t=2.8 t=2.8

0.2 0.5

t=3.15 t=3.15

0.2 0.5

S AR
L

\
\E2/

-0.5

Fig. 9. Linear and nonlinear membrane oscillations, t = 2.45, 2.8, 3.15.
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Table 1
Convergence in the series i (1) = ZII\;%HHI 17/(1521 ()

! alt! max . |90 (1)] al maxy ¢ [0y ()]
0 7.00E + 02 1.25E — 04 8.75E — 02
1 490F + 05 4.25E — 08 2.08E — 02
2 3.43E + 08 1.46E — 12 5.01E — 04
3 240FE + 11 1.45E — 16 3.48E — 05
4 1.68E + 14 1.39E — 20 2.34E — 06
5 1.18E + 17 249E — 24 2.93E — 07
6 8.24E + 19 3.05E — 28 2.51E — 08
7 5.77E + 22 327E — 32 1.89E — 09
8 4.04E + 25 4.65E — 36 1.88E — 10
9 2.83E + 28 4.04E — 40 141E — 11

10 1.98E + 31 4.49E — 44 8.88E — 13

Since we are working with small oscillations, comparing the absolute changes of 8 x 107 and 107 in solutions is
not descriptive. Comparing the relative changes for both k¥ = 0 and x = 1 we observe in the last column of Figs. 2 and
3 almost identical features. After doubling the three discretization parameters M, N and N, from 5 to 10 there appears
about 8% change in the solutions for both cases, and a further increase of the aforementioned discretization parameters
from 10 to 15 results in less than 0.12% change in the solution, which we consider to be very small.

5.3. Membrane oscillation for non-decaying and for decaying forcing

In Fig. 4 we compare extreme values of the solution of system (2.1) for the cases of non-decaying and decaying
forcing, respectively, as time increases from # = 0 to t = 2. When the source term is non-decaying, the maximum and
minimum values of the solution remain at the constant levels of 3 x 10™* and 3 x 1074, respectively (first column of
Fig. 4). When the forcing decays exponentially, so do the extreme values of the solution (second column of Fig. 4).
Otherwise the minimum and maximum values are reached at the same time instants in both cases. Fig. 5 shows the
membrane displacements at ¢+ = 0.87 for k = 0 and k = 1, respectively. The shapes of the two membranes are very
similar, only the deviations are smaller for decaying forcing.

5.4. Nonlinear oscillations

We emphasize that (2.1) models small nonlinear oscillations of certain uniform elastic membranes. However, in
this section we use parameter values for which oscillations are relatively large, and hence the nonlinear term has a
prominent effect on the solution. The parameter values are now o = 0.1, a = 700 and b = 0.1. The damping is small
and oscillations are strong.

We present a comparison of the linear (= 0) and strongly nonlinear (f = 10%) membrane oscillations under forcing
(5.8). In Fig. 6 we plotted the maximum vertical deflection of the membrane under and above the horizontal plane for
the linear and nonlinear cases, respectively. The extreme values of the solution are vertically symmetric and oscillations
seem to be periodic in time for the linear membrane. In the nonlinear case the extreme values are skewed downward
and there is no time periodicity.

Figs. 7-9 shows the linear and nonlinear membranes at various time instants. The strong nonlinear effects are clearly
visible in the second column of the table. An interesting consequence of the periodic forcing in the linear case is that
oscillations seem to be periodic with the shape of the membrane being the same for t = 1.75 and r = 3.15 as well as
for t = 1.05 and ¢ = 2.45. We did not observe such periodicity in the nonlinear case.

The sequence of partial sums

Ny
i (1) = a0 (1) (5.9)
=0
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approximating the Fourier—Bessel coefficients shows good convergence properties even for the case of a large perturba-

tion parameter a (e.g., a =700, see Table 1). Therefore a typical computational difficulty of multiplying a large number

by a small one (in our case alt! by f),% (#)) does not arise and a relatively small number of iterations N, is sufficient.
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